
THE ACTION VARIATIONAL PRINCIPLE

IN COSMOLOGY

Trond Hjorteland

Institute of Theoretical Astrophysics

University of Oslo

Thesis submitted for the degree of Candidatus Scientiarum

at the University of Oslo

Oslo, June 1999



We are all in the gutter,

but some of us are looking at the stars.

{ Oscar Wilde
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Abstract

During the last decade, the action variational principle of Peebles has proven to

be a very applicable tool in the study of the formation of large-scale structures in

the immediate neighbourhood of the Milky Way. It provides us with the mean to

recreate the orbits of the galaxies from epochs early in the history of the Universe

until the present, which in turn opens for a closer study of a number of subjects

concerning the evolution of the Universe. This study will give a thorough presen-

tation of this variational principle and its areas of application, with an emphasis

on the numerical aspect. In practise, the use of the action variational principle is

a question of numerical optimization, a side of the method which previously has

not been considered in detail. The major part of this study is therefore devoted

to the testing of several di�erent optimizing methods, attempting to locate the

most eÆcient one. Trials have indicated that the performance of the methods

varies considerably with certain properties of the system of mass tracers; e.g.

size. The general consensus from numerical literature is that optimizing methods

using the second-derivative of the action works best for small systems, while for

large systems, the methods using only the �rst-derivative are preferable. The

results here indicate that a combination of these two types of methods work best

when having the parameterization of the orbits. In addition to these tests, the ac-

tion variational principle has also been applied to a system consisting of 22 mass

tracers in the Local Group and its immediate neighbourhood, where a couple of

newly discovered galaxies has been included. The distances to some of the more

distant mass tracers have been adjusted to give a better �t between predicted

and observed radial velocities.
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Chapter 1

Introduction

In 1989, Peebles presented a new method which made it possible to trace galaxy

orbits back in time, provided that they are reasonably laminar, only using the

current position and mass of the galaxies as input, in addition to the cosmological

model. This method has later been known as the action variational principle
I

(AVP henceforth), and is in practise a variant of the classical Hamilton's principle

from mechanics. The principle has through the years showed its value in the

study of the formation of large-scale structures in the Universe through several

publications by Peebles and others. The method's ability to give the position

of each galaxy at any given time throughout the history of the Universe from a

redshift of about 100 until today, has made it possible to, for example, predict the

current velocities, predict current distance given redshift, estimating the primeval

mass density uctuations, and to give indications of which cosmological model

that correctly describes the Universe.

As one can see, the AVP has a wide range of applications, and could in

theory give exact results if one was able to accurately recreate the orbits of the

galaxies. But, unfortunately, the accuracy of the positions is dependent on quite

a few aspects: a complete and accurate catalogue of galaxies containing celestial

coordinates, distances/redshifts, and the mass; and one need to know the age of

the Universe. Such a catalog does not exist as of today, and the age estimates are

at best qualitative. In addition, one has a problem concerning the dark matter.

The AVP assumes that the dark matter is distributed in the same manner as

visual matter|that they both are clumped together in galaxies. The galaxies

are therefore often referred to as \mass tracers", assuming that light trace mass.

In other words: if there is a mass component not visually accessible that are not

distributed in the same manner as galaxies, it is ignored by the AVP. All these

uncertainties in the input data naturally makes the output from the AVP equally

IPeebles originally referred to the method as the \Least Action Principle", but later realized
that Hamilton's principle and the Principle of Least Action do not coincide (for details, see
Goldstein, 1980). The use of the word \least" is neither quite correct, since, as will be seen
later, saddle points are also allowed solutions to the action (Peebles, 1995).

1



2 CHAPTER 1. INTRODUCTION

inde�nite.

Yet another problem is the non-linearity when applying the AVP to dense

systems of mass tracers, which results in a large number of possible solutions.

This can not be avoided in any other way then to simply restrict the AVP to

sparse systems of mass tracers, for example by treating a group of galaxies as one

particle.

In spite of all these diÆculties, the AVP has proven to be surprisingly accurate

when applied to a selection of Local Group-galaxies (see e.g. Peebles, 1989), where

the observations are of acceptable quality. When applied to a somewhat deeper

systems, which for example include galaxies in the immediate neighbourhood of

the Local Group, the principle still seems to give a fairly accurate picture. It is

when going to distances of a few megaparsec that the inaccuracy becomes most

noticeable. Hence, with the observations we have today, the appliance of the

AVP is limited to the Local Group and the Local Neighbourhood.

The AVP has similarities to a conventional N-body approach in that it con-

siders the particles as singular points, and that it calculates the orbits of these

particles. The major di�erence between the two methods is the initial condi-

tions. The N-body approach uses six initial conditions (position and velocity

in three dimensions) and integrate those forward in time, while the AVP uses a

boundary-value approach where the velocities are known at the initial time and

the positions are known at the �nal time. The basic idea of the AVP is to start

with a parameterization of the orbits that satis�es these boundary conditions

and then adjusts the parameters until a stationary point of the action is found.

This makes the AVP considerably more computationally costly than the N-body

approach since the former in practise is an optimizing problem in the strongly

non-linear regime. All in all, one will never be able to apply the AVP to as large

systems as one can with N-body simulations. The reason of pursuing the AVP is

that, unlike the N-body calculations, which can only reproduce the current state

of a system in a statistical sense, the AVP can �t the current state exactly.

1.1 Objectives of the Study

This thesis has two main objectives, namely an attempt to give a thorough pre-

sentation of the AVP and its applications in cosmology, and testing di�erent

optimizing methods, trying to �nd the most eÆcient one. A justi�cation for

these choices follows.

The AVP has now been discussed in literature for ten years, but no publica-

tion has so far been able to give a detailed and pedagogical presentation of the

method. It takes quite an e�ort to get through all the publications on the subject,

which does not necessarily guarantee that one fully understands every aspect of

the method. I will therefore try to give a presentation that can be followed by

anyone with general knowledge of physics, astrophysics, numerical analysis, and
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mathematics, hopefully without too much e�ort. The very elegant and eÆcient

AVP method deserves to reach a wider audience than the occasional professor

with a particular interest. In addition, the complete sourcecode for locating the

stationary values of the action will, to my knowledge, for the �rst time be given.

The second main objective is to test several di�erent numerical optimizing

methods in an attempt to �nd the most eÆcient one. In literature, just two such

methods have been applied, in addition to a root �nding procedure, indicating

that there might be other optimizing methods that could prove to be just as

eÆcient, if not better. In numerical literature, the two optimizing methods pre-

viously applied to the AVP is generally accepted to be the ones not to prefer. I

will therefore test three additional optimizing methods, resulting in a total of 12

di�erent implementations. A brief presentation of all these numerical methods

will be given.

In addition to these two main objectives, some cosmology has also been in-

cluded. The largest system that the di�erent optimizing methods will be tested

on consists of 22 mass tracers in the Local Group and the Local Neighbourhood.

The system reach as far as 6{7 Mpc, and will therefore most probably give a

relatively poor �t with observations. I will then try to adjust the input distance

to some of the mass tracers in an attempt to get a better agreement between ob-

served and predicted values of the radial velocities. This will give an indication

of the preferred distance of these mass tracers based on the AVP. It should also

be noted that the system of mass tracers here has been extended by a couple of

newly discovered galaxies in the Local Neighbourhood.

1.2 Outline of the Thesis

This thesis is structured as follows. Chapter 2 gives a general introduction to the

formation of large-scale structures in the Universe by taking a brief look at the

matter content of the Universe; theories for structure formation, both linear and

non-linear; peculiar velocity �elds; and �nally a description of the Local Group

and its immediate neighbourhood. In Chapter 3, the dynamics of galaxies will

be discussed, the main result being the deduction of the equations of motion for

particles in comoving coordinates using Hamilton's principle. In the following

chapter, Chapter 4, a presentation of the di�erent numerical methods used in

the AVP will be presented, both for the integration and the optimization of

the action. In Chapter 5, we are �nally moving into the main part of this thesis,

namely the implementation of the AVP and the testing of the di�erent optimizing

methods for two di�erent systems o� mass tracers: one consisting of 8 and one of

22 particles. The resulting number of unde�ned parameters for these two systems

is 120 and 660, respectively, and these two systems will therefore serve as two

widely di�erent test cases. Additionally, Chapter 5 will contain a description of

the N-body code used to test the validity of the AVP solutions, a comparison of



4 CHAPTER 1. INTRODUCTION

the AVP solution reached to the solutions presented by Peebles (1989, 1990), and

a physical discussion of the solution that gave the best �t in the system of 22 mass

tracers, including the adjustment of distances mentioned in the previous section.

Chapter 6 is meant to serve as a review of the AVP, giving a brief examination of

the areas of application and the di�erent implementations presented previously

in literature. The closing chapter, Chapter 7, contains a summary of the study

and suggestions for future work, while the Appendix A contains the complete

sourcecode of the program used to calculate the orbits, AVP.



Chapter 2

Formation of Large-scale

Structures

In order to fully understand the usefulness of the AVP, it can be fruitful to �rst

have a look at how the large-scale structures in the Universe have formed, then

from a theoretical viewpoint. But before that, let us have a quick glance at

what sort of structures the Universe actually consists of, in Section 2.1. Then,

in Section 2.2, a presentation of some of the more popular theories of how struc-

tures came into being will be given, both linear and non-linear, including a short

historical review. Section 2.3 will deal with the linear theory for velocity �elds,

and the chapter is being closed in Section 2.4 by taking a closer look at our

neighbourhood in the Universe; the Local Group and the Local Neighbourhood.

2.1 Matter Content of the Universe

For the naked eye the sky seems to be dominated by stars, with an occasional

nebulae here and there. At the start of this century, the large-scale distribution of

matter was generally taken to mean the distribution of the stars in the MilkyWay

galaxy (MW hereafter). Although it was suggested that the observed nebulae

could be other \island universes", other galaxies of stars outside the realm of the

observed stars, it was not until the extensive observations done by Hubble that

this new world picture was con�rmed. The observations of stars seemed to reach

the edge of the local stars while the observations of galaxies gave no evidence of

any edge. Current observations done by, for example, the Hubble Space Telescope

(HST), show that galaxies exist at redshifts roughly equivalent to distances as

large as 12 million light years.

Matter in the Universe seems to be mainly clumped together in galaxies of

various sizes, ranging from dwarf galaxies of about 1{3 kpc to giant galaxies of

30{50 kpc (in visual size). These galaxies are again clumped together in groups,

which in turn gathers in clusters. There are also indications of clusters grouping

5
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in superclusters. Clustering of galaxies into groups is typical for the distribution

of galaxies in the Universe. Studies show that less than 10{20 per cent of the

galaxies do not belong to any group, often referred to as \�eld" galaxies.

Groups of galaxies may consist of about 5{100 galaxies, with sizes ranging

from a just below a hundred kiloparsec to 1 or 2 megaparsec, while clusters

consists of more than 100 galaxies, with typical size of about a few megaparsec.

Just like galaxies, one may approximate clusters and groups as gravitationally

bound systems of e�ectively point particles, which, as we shall see in Section 3.1,

is one of the assumptions that the AVP is based on. Clusters, on the other hand,

are also known to contain a matter element that is not being taken account for

in the AVP method; namely, a very hot intracluster gas with a mass about equal

to the mass in galaxies. (More on the distribution of matter in Padmanabahn,

1993)

The distribution of matter on scales ranging from atomic level to superclusters

seems to be very irregular. This may appear to be in conict with Einstein's cos-

mological principle, which states that the universe is homogeneous and isotropic

on the large-scale average. But, on large enough scales the principle seems to be

valid: observations on scales larger than 100h�1 MpcI seem to indicate a reason-

ably uniform distribution. Such observations, for example done by Hubble, and

Einstein's credibility has almost resulted in the cosmological principle becoming

a physical principle.

An assumption used above is that the mass in the Universe is traced by light|

is this so? A number of observations not directly based on the luminous matter;

i.e. dynamics of galaxies in clusters, rotational curve of disc galaxies, and grav-

itational lenses gives a negative answer to this question. The density parameter

due to luminous matter in the universe is 
0;lum < 0:01 (Padmanabahn, 1993,

page 29), while studies of the dynamics of galaxies in clusters indicates a value of

about 10 per cent of the critical Einstein-de Sitter value (
0 = 1:0). This means

that a factor of ten of the mass is not directly observable, often referred to as dark

matter. Some observations and theories even suggests that yet another factor of

ten of the mass in the Universe might be dark, located on a scale larger than the

systems of galaxies, bringing the total mass density to 
0 = 1:0. There is a lot

of controversy on the latter. Some theories even imply that this large-scale dark

matter component is not matter per se, but is rather being caused by something

acting like a cosmological constant. Such a term would satisfy the condition

from ination theory that space curvature is negligible small, and would have

practically no e�ect on the dynamics of groups and clusters of galaxies.

The question of what constitutes the dark matter is presently one of the most

important one in cosmology. One usually distinguish between baryonic and non-

baryonic dark matter: faint stars, jupiters, black holes, and inter-galactic gas are

IThe lower-case \h" represent the Hubble parameter, ranging from 0:0 to 1:0, provided
H = 100 h km s�1 Mpc�1.
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examples of the former; while weakly-interacting massive particles (WIMPs) and

topological defects of gauge �elds arising from quantum symmetries are examples

of the latter. Non-baryonic matter can be broadly be grouped into two kinds;

\hot" and \cold". These adjectives indicate how fast a dark matter particle was

moving when it decoupled from the baryonic matter (relativistic or not). Massive

neutrinos are an example of hot dark matter (HDM) particles, and axions and

primordial black holes are examples of cold dark matter (CDM). One sometimes

also talk about a mixture of HDM and CDM: mixed dark matter (MDM).

The dark mass in disc galaxies is assumed to be in spheroidal halos, extending

to much larger radii than the optical disc. A number of observations have con-

�rmed the existence of massive dark matter halos around all types of galaxies.

Candidates for the dark halos are some compact baryonic objects, usually called

\Massive Astrophysical Compact Halo Objects" (MACHO), and/or WIMPs.

The halos can have played a crucial role in the evolution of galaxies, especially

if their size was so large that they frequently overlapped when galaxies were in

close passage of each other.

2.2 Origin of Structures

The question of how the structures in the Universe came into being will be dealt

with in this section: How did enormous structures like superclusters evolve from

an initially almost homogeneous state? Before getting to the hard theory, let us

take a retrospective glance.

2.2.1 Historical Perspective

The main part of this section is based on B. J. T. Jones' review (1976) and P. V.

B. Lilje's Cand. Real. thesis (1985).

Cosmogony, the science of the origin of structures in the Universe, is by far no

novel science. It has troubled scientists, philosophers, and theologians for at least

two and a half thousand years. There might not be much for us to learn from the

most ancient works, but some of the more general ideas have validity today. Take

the Epicureans for example; they meant that the order we see around us today

was once in early history complete chaos. This idea can very well be compared to

the turbulence theory, which will be presented below. Aristotle, on the contrary,

believed that order could not be created from disorder. Newton supported this

idea by arguing against the vortex cosmogony of Descartes, on the ground that

it would fail to reproduce the cosmic order displayed by Kepler's laws. These

ideas are similar to the gravitational instability theory, which states that entropy

increases with time.

Even though the origin of structures was considered an important question,

very little progress was made until the beginning of this century. The �rst pho-
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tographs of galaxies lead to a number of papers on the subject, e.g. Jeans (1902),

who stated that a gas cloud exceeding a certain size (the Jeans length) would

collapse. He later brought this idea into cosmology (Jeans, 1928). The big break-

through was, naturally, not made until the establishment of extra-galactic dis-

tance scales (about 1924) and Hubble's discovery of the general expansion of

the Universe in 1929. The gravitational instability theory was starting to form.

One milestone came with Lemâ�tre, who reconciled the general expansion and

Einstein's theory of gravity, and argued that the gravitational instability in a

uniform expansion is the origin of galaxies. In the Lemâ�tre model (1934), the

Universe expands from a dense state, the \Big Bang" (the expression was later

coined by Fred Hoyle as a derogatory remark), and passes through a quasistaic

or coasting phase where the expansion rate and acceleration are small because

the cosmological constant almost satisfy the conditions of the static Einstein so-

lution. Another important paper was by Gamow and Teller (1939), who applied

Jeans' instability to the expanding Universe. Yet another milestone came with

Lifshitz (1946). He showed that in an Einstein-de Sitter model, linear density

perturbations grow as / t2=3, which was considered to be far too slow. Bonner

(1957) arrived at the same result, but then by Newtonian gravitational theory. He

showed that with the approximations Lifshitz used (Æ � 1, v � c and r � rPH,

where \PH" denotes the particle horizon), one could just as well use Newtonian

theory instead of general relativity. The results of Lifshitz and Bonner were

considered a serious blow against the gravitational instability theory.

An alternative to the gravitational instability picture, the turbulence theory,

saw the light of day in 1951. von Weizs�acker (1951) pictured the galaxies as

remnants of some primordial turbulence, a view that may not seem that con-

troversial when considering the shape of the spiral galaxies. This theory would

soon become more attractive than the gravitational instability theory, mainly due

to the problem of the latter of explaining the fast growth of the irregularities.

Even though the turbulence picture now had an upper hand, it had quite a few

problems of its own and was barely considered in the latter half of the 1960s,

until Ozernoi and his co-workers picked it up, then within the framework of the

\hot Big Bang" cosmology. This did little to help the theory though; it predicted

density uctuations that were far to large, and it implied divergent uctuations

in the spatial geometry for t! 0. Since the early seventies, the turbulence theory

has rarely been mentioned.

One now had a situation where no theory could explain the formation of galax-

ies. What saved the situation was the discovery of the 3 K cosmic background

radiation �eld in 1965 by Penzias and Wilson, and the general acceptance of the

Big Bang theory. There was no longer any reason why the original perturbations

could not have grown into the structures we see today. At the present, there is a

general acceptance for the gravitational instability theory.
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2.2.2 Gravitational Instability

According to the standard world picture, often referred to as the \standard

model" (\Big Bang" is somewhat misguiding), the Universe is approximately

homogeneous on average over large enough scales. \Large enough" can be justi-

�ed to be scales of size about 100h�1 Mpc (comparably, the size of the observable

Universe is about 3000h�1 Mpc, in metric distance). The homogeneity require-

ment can also be applied very early in the history of the Universe, assuming an

expanding Friedmann-Lemâ�tre model. According to the gravitational instability

theory, perturbations must have grown from small departures in this seemingly

homogeneous mass distribution to the large-scales structures we observe today;

such as galaxies, groups of galaxies, clusters, and even superclusters (� 50h�1

Mpc). These density uctuations where present at the decoupling of matter and

radiation at redshift zdec � 1000. Let us �rst take a look at how they grew from

there.

The description of the gravitational instability theory can be found in numer-

ous texts, e.g. Padmanabahn (1993) and Peebles (1980, 1993). I will follow the

description of the latter two except where noted.

Perturbations of the density, or the density contrast, is given by Æ(x; t) = Æ�=�.

The mass density is then

�(x; t) = �
b
(t)[1 + Æ(x; t)] ; (2.1)

where �
b
(t) is the mean background mass density. Note that the spatial coordi-

nates x are comoving; i.e. expanding with the model. One can imagine that x is

the coordinates of a freely moving observer, t and �(x; t) being the time and the

record of the density, respectively, kept by this observer.

Linear Perturbation Theory

In the following discussion of the evolution of the density contrast, we assume

that Newtonian mechanics can be applied, an approximation which simpli�es the

study of the development of structures signi�cantly compared to Einstein's theory

of gravity. This assumption is well justi�ed if we stay within the non-relativistic

domain; i.e. v � c and r � rPH � cH�1 (Hubble radius), where rPH is the size

of the particle horizon and H is the Hubble parameter at time t.

The matter will be treated as an ideal uid, which will enable us to make use

of the following three equations: the conservation of mass'

�
@�

@t

�
r

+rr � (�v) = 0 ; (2.2)
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the Euler equation of motion,

�
@v

@t

�
r

+ (v � rr)v = �rr p

�
�rr� ; (2.3)

and Poisson's equation for the gravitational potential �,

rr

2� = 4�G� : (2.4)

The velocity �eld v and the mass density � are both functions of the physical

coordinates r and time t. The subscript r in the equations indicate that the term

in question is to be calculated with respect to the proper coordinates. But, as in

equation (2.1), we would like to use comoving coordinates. The relation between

these two types of coordinates is as follows:

r = x a(t) ; (2.5)

where a(t) is the scale factor describing the scale of the Universe as it expands.

The velocity �eld can then be written as

v = _ax+ u(x; t) : (2.6)

The �rst term on the right hand side is recognized as the Hubble ow, Hr =

_ax, and the last term is the peculiar velocity relative to the general expansion,

u(x; t) = a _x. If we assume that Æ and v=c have small values; i.e. much less then

unity, we can linearize equations (2.2){(2.4). This assumption is well justi�ed in

the early epochs of the Universe and on large-scales, where the mass distribution

is approximately homogeneous. If we combine the linearized version of equations

(2.2){(2.4), we get the time evolution equation of the mass density contrast in

linear perturbation theory:
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@2Æ

@t2
+ 2

_a

a

@2Æ

@t2
=
r2p

�
b
a2

+ 4�G�
b
Æ : (2.7)

This equation is local; i.e. it is only dependent on the conditions at one point in

space. It was this equation Lifshitz (1946) deduced.

Let us now take a look at some solutions of equation (2.7), assuming p = � =

0, where p is pressure and � is the cosmological constant. The easiest solution

is for the Einstein-de Sitter model, where there is no space curvature (k = 0).

The Friedmann-equations then gives us the following time evolution of the scale

parameter a:

a = (6�G�
b
a3)1=3t2=3 : (2.8)

If we insert this relation into equation (2.7), we get

@2Æ

@t2
+

4

3t

@2Æ

@t2
=

2

3t2
; (2.9)

a partial di�erential equation which has the solution

Æ = A(x)t2=3+B(x)t�1 ; (2.10)

where A and B are constants. Based on this solution, Lifshitz (1946) jumped

to the conclusion that the gravitational instability theory could not be used to

explain the formation of structures in the Universe; the growth would be too slow

compared with the exponential growth in a non-expanding Universe, which was

the leading model at the time.

Another solution when p = � = 0 can be found by rewriting the Friedmann-

equations as

_a2

a2
=

8

3
�G�

b

�
1 +


0
�1 � 1

1 + z

�
; (2.11)
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where 
0 is the density parameter and z is the cosmological redshift give by

1 + z = a0=a (subscript \0" denotes the present value). At large redshifts; i.e.

j1 + zj � j
0
�1 � 1j, we get the Einstein-deSitter model, and equation (2.10) is

valid for all models. If j1+ zj � j
0
�1�1j we have an open model, and equation

(2.11) will reduce to the Milne-model, where �
b
= 0 and _a=a = t�1. If we insert

this into equation (2.7) we get

@2Æ

@t2
+
2

t

@2Æ

@t2
= 0 ; (2.12)

which has the solution

Æ = A(x) +B(x)t�1 : (2.13)

These two solutions in equation (2.10) and (2.13) tell us that the perturbations

will, assuming a p = � = 0 model, initially grow / t2=3, but later, after j1+ zj �
j
0

�1 � 1j, grow slower and �nally end up with a constant amplitude.

So far we have ignored any pressure in the uid, which at early epochs of

the Universe is a bad assumption. If we introduce pressure, the time evolution

equation or the mass density contrast will be coordinate dependent, which was

not the case for p = 0. If we simplify the picture by assuming an ideal gas, we

can, with help of equation (2.1), deduce r2p = c
s
�
b
r2Æ, where c

s
is the speed of

sound. This brings the density perturbation equation (2.7) to

@2Æ

@t2
+ 2

_a

a

@2Æ

@t2
=
c
s

2

a
r2Æ + 4�G�

b
Æ : (2.14)

To see the e�ect of the pressure term, we can write the density contrast as a

Fourier series,

Æ(x; t) =
X
k

Æk(t)e
�ik�x ; (2.15)
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where the proper wavelength is � = 2�a(t)=k. The coeÆcients in equation (2.15)

is independent of x, which gives us the following equation for each number vector:

@2Æk

@t2
+ 2

_a

a

@2Æk

@t2
=

�
4�G�

b
� k2c

s

2

a2

�
Æk : (2.16)

The source terms on the right-hand side vanishes at wavelength

�
J
=

2�a(t)

k
J

=

�
�c

s

2

G�
b

�1=2

; (2.17)

which is often referred to as the Jeans length. This was the scale Jeans (1902)

deduced as being the maximum size a gas cloud could have without collapsing.

What does equation (2.16) tell us? Let's take a look at two special cases: If

k � k
J
; i.e. the wavelengths are long compared to the Jeans length, the pressure

term in equation (2.14) becomes negligible, and we can apply the zero pressure

solution. At wavelengths shorter then �
J
, the density contrast oscillates as a

sound wave, which means that a density perturbations can not grow if it's scale

is less then the Jeans length. If we have perturbations with amplitude decreasing

with scale, the ones with � � �
J
will be the �rst to become non-linear.

Non-linear Perturbation Theories

Linear perturbation theory gets less accurate the closer the density contrast gets

to unity|we are then entering the non-linear regime. Since most of the observed

structures in the Universe have density contrasts far in excess of unity, their for-

mation can only be understood by non-linear theory. The boundary between the

linear and the non-linear regime is not entirely clear-cut; there is an intermediate

regime where uctuations are \weakly" non-linear, meaning that Æ is close to

unity (from above and below). A qualitative description of some of the theories

for the weakly non-linear regime will be given in the following.

The density contrast will divide the Universe into several overdense (Æ > 1)

and underdense (Æ < 1) regions. It is reasonable to believe that the overdense

regions are the seeds of the structures we see today, and the underdense regions

are the observed voids. In the overdense regions, the self-gravity of the local

mass concentrations will work against the general expansion; i.e. these regions

will expand slower compared to the background universe. Such a region will

therefore increase its gravitational potential until it collapses under its own self-

gravity. The simplest model is based on the assumption that these overdense
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regions are spherically symmetric, see Padmanabahn (1993) and Peebles (1980).

For a at universe model (
0 = 1), the perturbations will have a maximum size

when Æ = 4:6 (Padmanabahn, 1993, page 280), which is well inside the non-

linear regime. This has been proposed as the origin of spiral and elliptical galax-

ies, where the type depends of the matter being dissipative or not, respectively.

Zel'dovich (1970a,b) showed that the �rst bound systems form as sheet-like mass

concentrations, or \pancakes", which rules against the spherical symmetry. For

example, for an isolated expanding spheroid the expansion along the shorter of

the axes will stop quickly (Icke, 1974; Peebles, 1980). Thus, spherical symmetry

can only be valid when the perturbations are small (Æ < 4:6).

Numerical N-body simulations have been employed to test the validity of the

Zel'dovich approximation works, and they have shown that it works quite well at

the beginning of the non-linear stage. Later, however, after the formation of the

pancakes, the two methods show di�erences in the evolution of the density inho-

mogeneities. For example, the N-body simulations show that the pancakes remain

relatively thin, while the Zel'dovich approximation predicts them to thicken. A

way to solve this problem, is to introduce a \viscous" term to the Zel'dovich

approximation, often referred to as the adhesion model (Gurbatov et al., 1989).

This model gives an analytic solution for irrotational velocity �elds, and repro-

duces the N-body simulations quite well. Although, the main problem with the

Zel'dovich approximation is that it breaks down in the presence of singularities.

There have in recent years sprung up other approximations, such as the frozen-

ow (Matarrese et al., 1992) and frozen-potential (Brainerd et al., 1993). They

are both based on the same idea as the Zel'dovich approximation: one chooses

a slowly varying physical quantity governed by linear theory and extrapolates

it into the non-linear regime. In the Zel'dovich approximation, the velocity of

the growth factor is set constant for each particle, while the velocity �eld of the

growth factor is set constant in the frozen-ow approximation and the Newtonian

potential is invariable in the frozen-potential approximation. There are also a

truncated Zel'dovich approximation, where one removes all the small-scale non-

linearities.

A direct method of following the non-linear evolution of the density pertur-

bations is by cosmological N-body simulations (as was used to test the Zel'dovich

approximation above). The idea is to describe the matter distribution as a col-

lection of N particles interacting via gravity. The state of the system at any

time t is given by the positions and velocities of the particles, which are evolved

through a sequence of small time-steps. At each point in time, the force acting

on any particle is being determined by considering all the other (N -1) particles,

and used to calculate the subsequent state of the system. (More on the N-body

algorithms in Section 5.2.) By using a large number of particles in order to imi-

tate a smooth density distribution, one has in the CDM picture been able to, for

example, test for di�erent cosmological models and predict the rotational curves

of galaxies. Applied to the HDM model, the simulations have brought out several
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potential problems, which led to a decline in the popularity of that mass model

(Padmanabahn, 1993).

The AVP is, as mentioned in Chapter 1, in practice an alternative cosmo-

logical N-body method. Both methods considers point-particles in an expanding

cosmological model, both methods work best in the quasi-linear regime, and both

calculate the motion of the particles using the same equations of motion. The

di�erence lies in the way that these equations of motion are being calculated.

This will be clari�ed later in this thesis.

2.2.3 Generation of Perturbations

In this thesis, the density uctuations are assumed to be ab initio at the pe-

riod of recombination (z � 1000), when radiation and matter decoupled, but a

short overview of some of the theories for the genesis and generation of density

uctuations in the very early Universe will be given in this section.

Prior to about 1980, astrophysicists were mostly interested in �nding the

initial conditions at high redshift that would result in the structures we observe

today. During the 1980s, a remarkable ow of ideas from other parts of physics,

especially from particle physics, led to a deeper understanding of the very early

Universe (< 10�4 s), some which were more speculative than others. The grand

uni�ed theories (GUTs) are an example of this.

One theory has become rather accepted among astrophysicist, namely the in-

ationary model, which was �rst proposed by Guth (1981), but has later been

modi�ed. The word \ination" is supposed to indicate a rapid exponential ex-

pansion, where the energy needed originates from vacuum. This may sound very

suspect, but if the Universe is being super-cooled through a phase transition, we

will get a situation where vacuum obtains energy. One speculates that in this

inationary phase the expansion was driven by a scalar �eld, and that quantum

uctuations in this �eld were stretched beyond the horizon scale by the rapid

expansion. After the completion of ination, we �rst have a situation of a nearly-

homogeneous distribution of matter and radiation, followed by a period of about

105 years where radiation dominated, ended with the decoupling of radiation and

matter at zdec � 1000. A number of inationary theories have been proposed,

most of them without any connection to particle physic theories. The conse-

quence of this state of a�airs is that it seems very unlikely that the existence of

an inationary period in the early Universe will ever be disproved.

What was the nature of the primeval density uctuations? The adiabatic

mode of uctuations is generally considered the prime candidate for seeding large-

scale structure. In this model the local number density of photons is proportional

to the number density of baryons and dark matter particles, that is, we have a

cosmic uid where radiation and matter are perturbed together. The resultant

energy density perturbations generates a non-vanishing curvature uctuation and

gravitational potential. This is why the adiabatic perturbations also are referred



16 CHAPTER 2. FORMATION OF LARGE-SCALE STRUCTURES

to as curvature perturbations. In cosmologies with ination, adiabatic perturba-

tions emerge naturally, but not inevitably. To have a complete model, we must

specify how the density uctuations vary with position. In the case of ination,

it is reasonable to assume them to be Gaussian and scale-invariant.

The primeval density inhomogeneities could also have been entropy perturba-

tions. In this model the energy density is constant, but there is a local variation

in the ratio of photon to baryon and dark matter particle number. The constant

energy density results in an equality between the local spatial curvature and the

global curvature of the Universe. For this reason, these perturbations are also

called isocurvature. At present there is no natural-looking picture of the origin

of such perturbations; it �ts badly with the inationary model.

An alternative model for the source of the primeval density uctuations are

cosmic strings or global monopoles, or textures. These are topological defects

from the symmetry-breaking phase transition at the end of the grand uni�cation

epoch. This model has very few parameters and hence is more appealing then

the inationary scenarios, but in this thesis the con�dence is placed in the latter.

2.3 Peculiar Velocity Fields

In a perfectly homogeneous Friedmann-universe, comoving particles will have

velocities solely determined by the Hubble law. By introducing inhomogeneities,

as in the standard model, the Hubble ow will be perturbed, resulting in peculiar

velocities of the particles. These velocities can give us valuable information about

the underlying mass distribution, and vice versa.

A discussion of the velocity �elds can be found in textbooks like Peebles (1993)

and Padmanabahn (1993).

The peculiar velocities of galaxies emerge from the linear theory discussed

in Subsection (2.2.2). The linearized mass conservation equation in comoving

coordinates is given by

�
@Æ

@t

�
+

1

a
r � u = 0 ; (2.18)

where u is the peculiar velocity and Æ(x; t) is the density contrast (Æ = Æ�=�).

The calculations are greatly simpli�ed by transferring this equation into Fourier

space, where one can treat each wavelength separately. The Fourier transform of

the density contrast and the peculiar velocity are, respectively:

Æ(x; t) =
X
k

Æk(t) e
�ik�x ; (2.19)
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u(x; t) =
X
k

uk(t) e
�ik�x : (2.20)

By inserting these two equations into equation (2.18), and rearranging somewhat,

the resulting peculiar velocities are

uk = �i a
@Æk

@t

k

k2
: (2.21)

(A term has been ignored since it decreases with time.) @Æk=@t can be rewritten

as

@Æk

@t
=

_a

a
Ækf(a) ; (2.22)

where f(a) = @ ln Æk=@ ln a. By combining equation (2.22) and (2.21), one have

an expression for the relation between velocity and density

uk = �i a Ækf(a)
k

k2
: (2.23)

The value of f(a) at the current epoch has been shown to be very well approxi-

mated by the power law 
0:6
0 (for further details, see Padmanabahn, 1993, page

163). Using this value for f , one sees that the density parameter can be estimated

if the velocity �eld and the density �eld were observationally determined. The

problem is to get an accurate enough determination of the velocity �eld, which

involve distance determinations which are not based on redshift.

In the gravitational instability picture one assumes that it is gravity that

makes the perturbations grow. It is therefore natural to introduce the grav-

itational potential instead of the density contrast Æk. The linearized Poisson

equation in comoving coordinates is

r2� = 4�G�
b
a2Æ ; (2.24)
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where �
b
is the background density. Solving for the Fourier transform density

contrast gives

Æk = �
k2

4�G�
b
a2
�k : (2.25)

Inserting this into equation (2.23) results in an expression for the connection

between the velocity �eld and the gravitational potential

uk = i
2f(a)

3H
a
k�k : (2.26)

Equation (2.26) does not do us much good in the Fourier space|let us transfer

it into real space:

u = � 2f(a)

3H
a
r� : (2.27)

For a particle system, with masses m
i
, this equation can be rewritten as

u = �2f(a)

3H


G

a2

X
j

m
j

x
j
� x

jx
j
� xj3 : (2.28)

This equation show us that the velocity �eld is parallel and proportional to the

peculiar acceleration, and then also to the gravitational force.

2.4 The Local Group and the Local Neighbour-

hood

The AVP has in literature mainly been applied to a limited number of galaxies,

mainly due to computational and observational limitations. A natural choice of
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system would then be the Local Group (LG hereafter) and the Local Neighbour-

hood (LN hereafter), where we have extensive and relatively accurate observa-

tions to base and compare the model to. This section will be devoted to our

\home" and \neighbourhood" in the Universe.

The LG is composed of 29 likely members and some 20 possible members

(van den Bergh, 1994) (including the recently discovered Antlia galaxy by Whit-

ing et al. (1997); Fouqu et al. (1990)). Among the probable members, there are

two dominant galaxies, the MW and Andromeda (M31 hereafter), and a small

spiral galaxy M33. The rest are small elliptical and irregular dwarf galaxies, most

of them probably being satellites of the two large galaxies. The mass of the MW

and M31 are clearly dominating the mass of the LG|the other galaxies being

from one to six orders of magnitude smaller. The closest galaxy of comparable

size to the MW and M31 is the NGC 55 galaxy at a distance of 2 Mpc, which

is in the LN. Thus, the MW, M31, and their companions are relatively isolated.

The LG is therefore often approximated by an isolated double-galaxy system.

The separation between the MW and M31 is about 750 kpc, and the rate

of change of the separation is (measured relative to the centre of the galaxies)

about -123 km s�1. Consequently, M31 is approaching the MW, which is not

what one would expect from the general expansion. Kahn and Woltjer (1959)

explained that this motion was due to mutual gravitational attraction of the

masses of the two galaxies. The alternative would be that the MW and M31 are

accidentally passing by, but, if the galaxies had moved at constant speed, this

alternative does not seem promising (Peebles, 1993, page 483). The Kahn-Woltjer

dynamical picture (often referred to as the \timing argument") together with the

spherical model (description given by Peebles, 1980), allows us to estimate certain

parameters describing a system of two galaxies. If we take the assumption of LG

being a isolated two-body system to be valid, the relative orbit of the MW and

M31 should be on the following form (Gunn, 1974; Gott and Thuan, 1978):

r =
r
max

2
(1� cos �) ; (2.29)

t =
(T

c
)
LG

2�
(� � sin �) ; (2.30)

(T
c
)
LG

=
�p
2

���� r
max

3

G(M
G
+M

M31)

����
1=2

; (2.31)

where r is the distance between the Galaxy and M31, T
c
the collapse time of

the LG, and � is a parameter. The age of the universe when the LG reaches
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its point of maximum expansion r
max

is 1

2
T
c
. Mass estimates of this two-body

systems ranges from about 2�1012M� to twice that. Peebles (1993) arrived at the

latter, in addition to an estimate of the mass-to-light ratio,M=L = 100M�=L�.
II

In comparison, analysis of the rotation curves of disc galaxies indicate M=L =

30M�=L� (Padmanabahn, 1993). Raychaudhury and Lynden-Bell (1989) showed

that taking masses from the LN into account do not alter the mass estimate of

the LG, which indicates that the approximation of treating the LG as a isolated

double-galaxy system is valid. Results for T
c
seems to support the assumption

that the MW and M31 have crossing times comparable to the Hubble time,

indicating that the two galaxies are approaching each other for the �rst time.

The LN is dominated by groups of galaxies not too di�erent from our own LG:

the Ma�ei, Sculptor, M81, Centaurus, and Canes Venatici I (CV I) groups. They

all have masses comparable to M31. Details on these groups and the galaxies in

the LG considered in this thesis are given in Table 5.4. The data are taken from

various sources|more on this in Subsection 5.4.1.

On larger scales, the two dominant structures are the Virgo cluster and the

Coma cluster. The Virgo cluster, located about 15 Mpc away, has a diameter

of about 3 Mpc and contains several thousand galaxies. The Coma cluster has

also an overall size of 3 Mpc and is located about 80 Mpc from us. Studies of

the distribution of the galaxies in our neighbourhood has shown that most of

the galaxies lie in a plane, called the supergalactic plane, which is approximately

perpendicular to the plane of our galaxy. The dense set of galaxies in this plane

is called the Local Supercluster, and the Virgo cluster is situated close to the

center of this cluster. There are also indications of even larger structures: the

LG seems to have a net velocity of about 600 km s�1 in the direction of the

Centaurus group. This hypothetical large structure is often referred to as the

Great Attractor.

In this thesis only the LG and the LN will be considered.

IIThe mass-to-light ratioM=L is a measure of how much of the matter that is luminous, and
is often given in solar values; hence the �.



Chapter 3

The Dynamics of Galaxies

With the basis from Chapter 2, we are now able to take a closer look at the motion

of galaxies, i.e. their trajectories. A powerful tool in the study of interactions

between galaxies in the nonlinear regime is the AVP, which will be the subject

of this chapter. Section 3.1 will deal with the approximations that the AVP is

based on, Section 3.2 will present Hamilton's principle from mechanics, and in

Section 3.3, the equations of motion for galaxies in an expanding universe will be

deduced.

3.1 Simplifying Assumptions

As seen in the previous chapter, one of the central problems in cosmology is to

understand the generation of structures in the Universe; i.e. evolution of cosmic

density and velocity �elds. There are epochs in the history of the Universe

that one understands better than others. For example, the evolution of small

perturbations (Æ � 1) is well understood, while models describing the growth

of perturbations greater than unity are numerous (see Subsection 2.2.2). As

of today, there are no model that fully recreates the gravitational formation of

structures in the non-linear domain|so is also the case for the AVP. In this

section, a detailed account of the approximations that AVP are based on will be

given.

One of the most common and most simplifying approximations used is the

Newtonian approximation. Einstein's theory of relativity is general and can be

applied to most of the universe, but since its mathematics are not feasible (ex-

cept for very simple forms of the metric), one usually tries to use the Newtonian

approximation whenever possible. In the study of evolution of density pertur-

bations, the choice of this approximation is well justi�ed if one limits oneself to

perturbations much smaller than the Hubble radius. This will be the case in this

study, and hence, the Newtonian approximation applies.

Two propositions concerning the cosmic density and velocity �elds are widely

21
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accepted:

(1) The evolution of cosmic density and velocity �elds on scales signi�cantly

larger than that of individual galaxies has been dominated by gravity.

(2) The cosmic density and velocity �elds started from uctuations of very

small amplitude at early times.

These propositions leave strong constraints on the cosmic density and velocity

�elds, and are part of the standard model. Proposition (1) states that other

forces than gravity on galactic scales can be ignored, including pressure.

Proposition (2) is of special interest here. It states that the mass that ended

up in for example a galaxy, had practically no peculiar velocity in the early

Universe. This makes, as �rst pointed out by Peebles (1989), cosmology into a

two-point boundary-value problem; proposition (2) provides us with one of the

boundary values and observations of the current positions of galaxies provide us

with the other. More on this later in this section.

In the realm restricted by the approximations above, the linear theory can

easily be applied. The problem is, as commonly known, that the relative density

of galaxies can reach values of a few, even when smoothed on a scale � 10 Mpc.

This is well into the non-linear regime. Two main approaches have been proposed

for the calculations of gravitational instability in the non-linear regime, namely

the Zel'dovich approximation (see Subsection 2.2.2) and Peebles' AVP (Giavalisco

et al., 1993; Susperregi and Binney, 1994, used a combination of the two). The

AVP is a variant of the classical Hamilton's principle from mechanics, where the

point particles have been replaced by galaxies, and ranges from scale factor a = 0

until today, a0. The system of galaxies is described by a scalar potential created

by gravity alone, and the correct path for these particles is where the action

is stationary, subject to the �xed end-points. More on Hamilton's principle in

Section 3.2.

From this short description of the AVP, one see that there are a few additional

approximations to the ones mentioned above that needs to be justi�ed before it

can be applied to the study of evolution of galaxies. These are: galaxies must

be treated as point masses, galaxies trace mass, and the end-points have to be

�xed. Let us start with the latter, which is the most accepted one.

Hamilton's principle normally demands that the endpoints of the action are

�xed; i.e. the positions at the end-points have to be known. As mentioned above,

Peebles (1989) suggested that instead of having the position constrained at both

end-points, one could have the velocity constrained at one of them, according to

proposition (2). We then have a situation where the initial position and the �nal

velocity are left unconstrained, while the initial velocity and the �nal position

are �xed. This is an example of \mixed" boundary conditions. More on this in

Section 3.3.



3.2. HAMILTON'S PRINCIPLE 23

Treating the galaxies as point masses is to some extent a quite controversial

approximation. One argument against it is that the galaxies can not have been

distinct objects at early epochs of the universe, due to the mass distribution being

almost homogeneous. Peebles (1990) stated that it still is a useful approximation,

because at high redshifts the point-particles represent the center-of-mass motion

of the matter out of which the galaxies is going to be assembled. This argument

also holds for galaxy mergers at low redshifts; since we are only looking at the

center-of-mass movement of the material now in a single galaxy|there is no

reason why this could not have been two galaxies that have merged. The same

argument goes for treating groups of galaxies as one mass tracer (this is the case

for the groups in the LN).

Another argument against the point-mass picture is that galaxies are know to

have quite extensive halos (see Section 2.1), and that if two galaxies have had a

close passage, their halos may have overlapped. This is avoided in the calculations

by introducing a cuto� length c into the inverse square force law (see Subsection

5.1.1). However, the cuto� can often be ignored, due the systems usually being

so sparse that close passages between particles are very rare.

The question of galaxies being good tracers of mass has also been a subject

of dispute. Peebles (1990) argued for the assumption both on the ground of

observations and theoretical predictions. Branchini and Carlberg (1994) and

Dunn and Laamme (1995) compared the AVP solutions to a CDM N-body

simulation in an Einstein-de Sitter universe, and showed that in that model there

is a signi�cant mass component that is more smoothly distributed than the mass

tracers in the AVP, and therefore not measured by the motion of these mass

tracers. The computation in the AVP will therefore underestimate the mean

mass density, 
0. Shaya et al. (1995) and Peebles (1995) argued that this is

contrary to the evidence from the redshifts of the galaxies in and near the LG,

redshifts reached by AVP and other methods. More on on this dispute in Section

6.1.

The most powerful justi�cation for the use of the approximations applied in

the AVP is simply the success of the method; even though it leaves the �nal

velocities of the galaxies unconstrained, it manages to reproduce the observed

radial velocities to a surprising accuracy.

3.2 Hamilton's principle

Newton's laws of motion are often considered to be fundamental postulates for

describing the motion of particles in a gravitational �eld, at least from our daily

viewpoint. In a more general picture this is not so. Not only are they just a

result of the general theory of relativity, they can also be derived from a more

general principle, namely Hamilton's principle. Newton's laws of motion are just

one example of equations that can be deduced from Hamilton's principle, the
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equations of motion for galaxies in an expanding Universe is another (see Section

3.3). The following description of this principle is mainly taken from Goldstein

(1980).

Hamilton's principle is an \integral principle", which means that it considers

the entire motion of a system between time t1 and t2. What is meant by this

needs to be speci�ed somewhat. The instantaneous con�guration of the system is

described by the values of n generalized coordinates q1; : : : ; qn, and corresponds to

a particular point in a Cartesian hyperspace where the q-s form the n coordinate

axes. This n-dimensional space is known as the con�guration space. As the time

evolves, the system point moves in this con�guration space, tracing out a curve.

This curve describes the path of motion of the system. The con�guration space

can be very di�erent from the physical three-dimensional space, where only three

coordinates are needed to describe a position at any give time. For example, a

system that is being described both by the spatial coordinates and the velocities

would have a six-dimensional con�guration space at any given point in time.

Hamilton's principle is a version of the integral principle which considers the

motion of a mechanical system, described by a scalar potential that may be a

function of the coordinates, velocities and time. The integral, often also referred

to as the action, is, in an essential one-dimensional form from t1 to t2, given by

A =

Z
t2

t1

L(x; _x; t) dt ; (3.1)

where L is the Lagrangian, given by L = T � V , T and V being the kinetic and

potential energy, respectively. The dot indicate derivative with respect to time.

The dependence of x on t is not �xed; that is, x(t) is unknown. This means that

although the integral is from t1 to t2, the exact path of integration is not known.

The correct path of motion of the system is such that the action has a stationary

value; i.e. the integral along the given path has the same value to within �rst-

order in�nitesimals as that along all neighbouring paths. The di�erence between

two paths for a given t is called the variation of x, Æx, and is conventionally

described by introducing a new function �(t) to de�ne the arbitrary deformation

of the path and a scale factor � to give the magnitude of the variation. The

function �(t) is arbitrary except for two restrictions: �rstly, it must satisfy the

boundary values, �(t1) = �(t2) = 0; secondly, it must be twice di�erentiable. The

paths can then be described as

x(t; �) = x(t; 0) + Æx = x(t; 0) + ��(t): (3.2)
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We have a stationary value of the action when the derivative of A with respect

to the scale factor � is zero:

�
@A

@�

�
�=0

= 0 : (3.3)

The �-dependence of the integral is contained in x(t; �) and _x(t; �), thus

@A

@�
=

Z
t2

t1

�
@L
@x

@x

@�
+
@L
@ _x

@ _x

@�

�
dt : (3.4)

By inserting equation (3.2) and integrating the second term by parts, we get

@A

@�
=

Z
t2

t1

�(t) �
�
@L
@x

� d

dt

@L
@ _x

�
dt+

�
�(t)

@L
@ _x

�
t2

t1

: (3.5)

The integrated part vanishes due to the �xed end-points (boundary values). The

condition for stationary values, equation (3.3), is therefore equal to the following

relation:

Z
t2

t1

�(t) �
�
@L
@x
� d

dt

@L
@ _x

�
dt = 0 : (3.6)

In order to arrive at the equation of motion, the fundamental theorem of

variational calculus is needed. It state that if the integral in equation (3.6)

vanishes for every �(t) continuously di�erentiable in the interval (t1; t2), then the

content of the brackets in the equation (3.6) must identically vanish in the same

interval; that is, for t1 � t � t2. It therefore follows that A can have stationary

values only if

@L
@x

� d

dt

@L
@ _x

= 0 ; (3.7)



26 CHAPTER 3. THE DYNAMICS OF GALAXIES

which is the familiar Euler-Lagrange di�erential equation. By inserting the La-

grangian, one can then deduce the equation of motion for the mechanical system.

What is the point of going through this rather extensive deduction, just arrive

at the well known Euler-Lagrange di�erential equation? In this case there are at

least three motivations. Firstly, it shows that the Euler-Lagrange equations are in

fact a result of the very compact Hamilton's principle. Secondly, it will be needed

in the next section to justify the use of mixed boundary values. Thirdly, and most

importantly, the principle is applied directly in the numerical implementation of

the AVP.

The one-dimensional deduction presented in this section can easily be ex-

tended to any multidimensional case.

3.3 Equations of Motion

Let us now return to the speci�c system dealt with in this thesis; i.e. a set of

particles i (galaxies) of mass m
i
, expressed in comoving coordinates x

i
(t) (see

equation (2.5)) in an expanding universe with a mean mass density �
b
(t). The

goal of this section is to determine the equations of motion for these particles using

Hamilton's principle from the previous section, but �rst, we need an expression

for the scalar function L, the Lagrangian.

3.3.1 The Lagrangian

The main parts of the deduction in this subsection is taken from Peebles (1980,

Chapter 7).

As seen in the previous section, the Lagrangian is de�ned as

L � T � V ; (3.8)

where T is the kinetic energy and V is the potential energy. In physical coordi-

nates we have, for one particle,

L =
1

2
mv2 �m�(r; t) ; (3.9)

where � is the potential. Since we in this treatment are considering comoving

particles, we need to transform equation (3.9) to comoving coordinates, using

equations (2.5) and (2.6):
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L =
1

2
m(a _x+ _ax)2 �m�(x; t) : (3.10)

This expression can be simpli�ed somewhat by adding a function d (x; t)=dt,

which will cancel out some of its terms. This seems like a rather dubious thing

to do, but is justi�ed by Hamilton's principle: The time integral of the function

d (x; t)=dt only depends on the values of its variables at the end-points, where

the variation is zero. Therefore, the function does not contribute to the time

integral of the Lagrangian. The function added in this case is given by

 (x; t) =
1

2
ma _ax2 ; (3.11)

which, by subtracting its time derivate from equation (3.10),

L =
1

2
m(a _x+ _ax)2 �m�(x; t)� d (x; t)

dt
; (3.12)

results in the reduced Lagrangian:

L =
1

2
ma2 _x2 � 1

2
ma�ax2 �m�(x; t) : (3.13)

The second term in equation (3.13) allows the introduction of a homogeneous

mass distribution, which in this case would represent the background universe.

The Friedmann equations for a at, pressureless universe is

�a

a
= �4

3
�G�

b
+
�

3
; (3.14)

where �
b
is the mean background density. Inserting this equation into (3.13),

prompts
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L =
1

2
ma2 _x2 +

2

3
�G�

b
a2mx2 � �

6
a2mx2 �m�(x; t) : (3.15)

The second term is the result of the coordinate change from physical to comov-

ing, and can be considered as a correction term to the potential � due to the

background universe.

Before looking closer at what the expression for the potential is, we need to

include more particles than the one treated so far. The reason for this is that in

the approximation considered here, the only potential a�ecting a particle is the

one formed by the gravitational �eld of the other particles in the system. Hence,

the Lagrangian for a system of particles is

L =
a2

2

X
i

m
i
_x2
i
+
2

3
�G�

b
a2
X
i

m
i
x2
i
� �

6
a2
X
i

m
i
x2
i
�
X
i

m
i
�(xi; t) : (3.16)

The potential energy � in equation (3.16) can be derived from Poisson's equa-

tion (which in turn can be derived from the Newtonian approximation to general

relativity). Poisson's equation with p = 0 and � 6= 0 is given as

1

a2
r2

x
� = 4�G�(x)� � ; (3.17)

where the \x" subscript indicates that the gradient is to be taken with respect

to the comoving coordinate x. The solution of this equation for one particle can

easily be seen to be

� = �Ga2
Z

�(x0)

jx� x0jdx�
�

6
a2x2 : (3.18)

For the point particle picture considered here, where a particle at position x

is being a�ected by the particles x
j
and where �(x) =

P
m

j
a�3Æ(x � x

j
), the

potential can be written as

� = �G
a

X
j

m
j

jx� x
j
j
� �

6
a2x2 : (3.19)
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By introducing this expression for the potential to equation (3.16), the terms

containing the cosmological constant cancels out, and we then have the following

resulting expression for the Lagrangian, describing a system of particles in an

expanding universe:

L =
a2

2

X
i

m
i
_x2
i
+
G

a

X
i 6=j

m
i
m

j

jx
i
� x

j
j
+
2

3
�G�

b
a2
X
i

m
i
x2
i
: (3.20)

3.3.2 The Orbits

The paths, or rather, the orbits of the galaxies are given in a somewhat di�erent

manner in the AVP compared with equation (3.2); namely (Peebles, 1989)

x�
i
(a) = x�

i
(a0) +

N�1X
n=0

C�

i;n
f
n
(a) ; (3.21)

where the superscript � represents the spatial dimensions; � = 1; 2; 3 (not to be

confused with the parameter from Hamilton's principle). By comparing equation

(3.2) with equation (3.21), one notice a few distinct di�erences|modi�cations

of Hamilton's principle introduced by Peebles (1989). Firstly, the scale factor is

used as a measure of time, which is justi�ed due to the close link between time

and scale factor. This is common practise in cosmology. Secondly, the �rst term

on the right hand side in (3.2) is time dependent, while the corresponding term

in (3.21) is not. The result of this alteration is that the term no longer represents

the correct path in the AVP as it did in equation (3.2), but rather the present

positions of the particles. Thirdly, the orbits are parameterized in the AVP

picture; i.e. they are built up by the sum in the second term of equation (3.21).

The � used in Hamilton's principle is in the AVP replaced by N coeÆcients,

C�

i;n
, and by summing up the product of these coeÆcients and their respective

functions f
n
(a), one gets an estimate of the particle orbits.

What is similar, however, are the functions used in the second term of both

equation (3.2) and (3.21). The f
n
(a) used in the AVP, often referred to as trial

functions, have some of the same characteristics as the �(t) function used in

equation (3.2): they are both twice di�erentiable and continuous in the interval

of the action. But, when it comes to the constraints given at the end-points,

the two principles di�er somewhat once again. While the �(t) in Hamilton's
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principle is forced to vanish at both end-points, the trial functions f
n
(a) only

need to vanish at the end-point representing the present time. The constraint

at the other end-point, representing the initial time, is that the derivate of f
n
(a)

with respect to time vanishes. This is a result of the mixed boundary condition

introduced by Peebles (1989), as discussed in Section 3.1. More details on these

boundary conditions in the following subsection.

Now, let us take a closer look at the shape of these trial functions f
n
(a). The

choice of functions can be arbitrary, provided that they are complete enough to

make a �t of a gravitationally evolving density �eld between the two end-points;

i.e. to mimic the deformation of the path. In this thesis, two di�erent types

of trial functions have been used; the fairly simple (Peebles, 1989; Dunn and

Laamme, 1993; Branchini and Carlberg, 1994)

f
n
(a) = an (1 � a) ; n = 0; 1; : : : ; N � 1 (3.22)

and the more complex Bernoulli distribution, (Peebles, 1990)

f
n
(a) =

�
1� a

a0

�
N�n

�
a

a0

�
n
�

N !

n!(N � n)!

�
; n = 0; 1; : : : ; N � 1; (3.23)

where the expansion factor, a, is being normalized to unity at the present time;

a(t = t0) = a0 = 1. The type of trial functions has very little e�ect on the

solution. However, as pointed out by Giavalisco et al. (1993), it does have an

e�ect on the computation of the solution, at least for systems involving a large

number of particles, say, thousands of objects. With such extensive systems,

considerable computing time may be saved by choosing a trial function that

gives a rapid convergence of the series in equation (3.21). Peebles made use

of the trial functions in equation (3.22) in his �rst paper dealing with the AVP

(Peebles, 1989), but later used the Bernoulli distribution just because of its ability

to speed up the computation. Other trial functions than (3.22) and (3.23) have

also been used in literature, e.g. Giavalisco et al. (1993); Susperregi and Binney

(1994); Scmoldt and Saha (1998) used a polynomial in the linear growth function,

D(t).

Equation (3.21) is only correct for an in�nitely large N , which, of course, is

impossible to handle numerically. Therefore, the number of terms in the series

has to be �nite, resulting in a discrepancy between the true orbit and the orbit

obtained by the AVP. This error is referred to as \truncation error". For N = 5,

the number of correct signi�cant digits in the positions are two, while for N = 15

it has improved to six. The choice of N is a tradeo� between computing time

and accuracy, and �gures in literature ranges from �ve up to about twenty.
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3.3.3 Calculating the Equation of Motion

Now we have all the tools and material ready to deduce the equations of motion

for the system of particles in an expanding universe.

Even though the parameterized orbits in equation (3.21) are di�erent from

the paths from Hamilton's principle, they behave similarly in the action A from

equation (3.1). We can therefore use the same deduction as we did in Section

3.2. The rewritten version of equation (3.5), satisfying the notation of the current

case, is

@A

@C�

i;n

=

Z
t0

0

f
n
(t) �

�
@L
@x�

i

� d

dt

@L
@ _x�

i

�
dt+

�
f
n
(t)

@L
@ _x�

i

�
t0

0

: (3.24)

The next step now is to insert the Lagrangian from equation (3.20), which

results in

@A

@C�

i;n

= m
i

Z
t0

0

f
n
(t) �

�
� d

dt

�
a2 _x�

i

�
+ a g�

i

�
dt+

�
f
n
(t)m

i
a2 _x�

i

�
t0

0
; (3.25)

where the peculiar gravitational acceleration is given by

g�
i
=
G

a2

X
j

m
j

x�
j
� x�

i

jx
j
� x

i
j3
+
4

3
�G�

b
ax�

i
; (3.26)

measured by a comoving observer at rest relative to distant matter. Note that

the second term in equation (3.26) cancel the �rst in the limit of a homogeneous

mass distribution.

As discussed in section 3.2, the last term in equation (3.25) cancel out when

the path is �xed at the end-points; i.e. the variation Æx
i
= 0 at t = 0 and t = t0.

As mentioned, Peebles (1989) showed that also mixed boundary conditions can

be applied, which he gave as

Æx
i
= 0 at t = t0 ; a2 dx

i
=dt! 0 at t! 0 : (3.27)
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The �rst condition is the same as in Hamilton's principle; i.e. the variation

vanishes. It is with the second condition that we get a deviation. It indicates

that the peculiar velocities vanish as one gets close to the primeval area, which is

in correspondence with the gravitational instability picture. By comparing these

boundary values to the last term in equation (3.25), one can easily see that the

former cancels the latter. Hence, Hamilton's principle, or in this case, the AVP

applies.

The resulting derivative of the action is

@A

@C�

i;n

= m
i

Z
t0

0

f
n
(a)

�
� d

dt

�
a2 _x�

i

�
+ a g�

i

�
dt : (3.28)

Thus, we see that orbits that satisfy the set of equations

@A

@C�

i;n

= 0 ; (3.29)

satisfy time averages of the usual cosmological equations of motion.

With the assistance of the fundamental theorem of variational calculus (see

Section 3.2), we have the equations of motion given by the parameters x, _x, and

t:

� d

dt

�
a2 _x

i

�
+
G

a

X
j

m
j

x
j
� x

i

jx
j
� x

i
j3
+
4

3
�G�

b
a2x

i
= 0 : (3.30)

When dealing with problems in cosmology, it is often convenient to consider

the expansion parameter as a measure of time instead the usual SI-unit, seconds.

It is even more convenient if one assumes the expansion parameter to be zero

at the Big Bang, a (t=0) = 0, and unity at the present, a0 = a (t=t0) = 1.

The transformation from time to scale factor in the matter dominated epoch of

the Universe is given by the Friedmann-equations: In the case considered here,

where the Universe is cosmologically at (k = 0), have zero pressure, and a

non-negligible cosmological constant �, it is

_a2

a2
=

8�G�

3
+
�

3
: (3.31)
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The product � � a3 is constant throughout the history of the Universe; thus, we

have � = �0a
3
0=a

3. The Friedmann equations also tell us that �=3 = (1 � 
0)H
2
0

when k = 0.I If we include these two expressions, and 
0 = 8�G�0=(3H0
2), in

equation (3.31), we arrive at

_a2

a2
=


0H
2
0

a3
+ (1� 
0)H

2
0 : (3.32)

After rearranging this equation, we get an expression for the time interval given

by an interval in the expansion parameter

H0 dt =
a1=2da

[
0 + a3(1 � 
0)]1=2
=

a1=2da

F (
0)1=2
: (3.33)

A similar expression for a curved universe with � = 0 can be derived:

H0 dt =
a1=2da

[
0 + a(1�
0)]1=2
=

a1=2da

F (
0)1=2
; (3.34)

The only di�erence between equation (3.33) and (3.34) is the exponent of a in

the denominator. Only the former equation will be considered here.

Inserting equation (3.33) into equation (3.30) gives us the equation of motion

expressed in the parameters x, dx=da, and a:

a1=2
d

da

�
a3=2

dx
i

da

�
+
3(1 � 
0)a

4

2F (
0)

dx
i

da

=

0

2F (
0)

"
x
i
+
R3
0

M
T

X
j

m
j
(x

j
� x

i
)

jx
j
� x

i
j3

#
; (3.35)

where R0 is the present radius of a sphere that would contain the total massM
T

of particles in the solution if the mass density was homogeneous. R0 is given by

IThe reason we can use the current values of the H and 
 is that � is constant throughout
the history of the Universe.
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R0 =

�
3M

T

4��0

�1=3

; (3.36)

where

�0 =
3
0H

2
0

8�G
: (3.37)

I close this section by noting that the boundary conditions in equation (3.27)

can be arbitrary and are not restricted to the form needed by the AVP, since they

were only used to remove the integrated part in equation (3.25). The application

of equation (3.28) is therefore more general than that of the action principle itself.

It is then possible to to use redshifts instead of current positions when calculating

the orbits (Giavalisco et al., 1993; Peebles, 1994).



Chapter 4

Numerical Methods

The equations of motion derived in the previous chapter (equation (3.35)) have

a strongly non-linear term, and is therefore practically impossible to solve ana-

lytically. The only way of �nding the galaxy orbits is to make use of one of the

big wonders of the 20th century; numerical analysis using computers. Section 4.1

serves as an introduction to the concept of optimization, Section 4.2 deals with

numerical integration, and Section 4.3 presents the optimizing methods with the

di�erent implementations that are considered in this thesis.

4.1 Introduction

Equation (3.35) should be understood as a multidimensional system of non-linear

equations that puts constraints on the values of the coeÆcients C�

i;n
.I The coef-

�cients may be determined by solving these equations using a root �nding pro-

cedure, but, numerically, there are no good, general methods for solving systems

of more than one non-linear equation. The reason is that we have to solve all

the equations simultaneously; that is, �nding the points where they all are zero.

This is not a feasible task, especially since there is no information on the com-

mon curvature of the set of equations. To attain such information, we need the

partial derivatives of equation (3.35), which is a rather computationally costly

procedure.II

There are, however, eÆcient general techniques for �nding stationary values

of a function of many variables, a process which are often referred to as optimiza-

tion. As seen in Chapter 3, locating stationary values are equivalent to �nding

a zero of the gradient vector in equation (3.28), which, at �rst glance, might

not seem so di�erent from zeroing a multidimensional function like the equations

of motion in (3.35). But, there is one distinct di�erence: the gradient vector

IThe dimension of the system is being determined by the number of particles, the number
of trial functions, and the three spatial dimensions.

IIThis procedure is similar to the Newton-Raphson method discussed in Subsection 4.3.3.

35
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contain advantageous information on the direction of the stationary value, infor-

mation that (3.35) does not have. The partial derivative of the action will aid the

search for stationary values considerably, giving a more eÆcient algorithm than

root �nding. Therefore, in the quest of values for the coeÆcients which gives

the correct motion of galaxies, it seems preferable to return to the Hamilton's

principle:

A =

Z
a0

0

L da ; (4.1)

where the Lagrangian L is given by equation (3.20) and time is given as the

expansion parameter.

Optimization, or rather, in this case, unconstrained optimization, has devel-

oped rapidly since the advent of electronic computers in 1945, and a number of

methods has been proposed over the years. For quadratic functions most of these

methods do the job very well, even for large numbers of unknown variables. It

is when we are dealing with non-quadratic functions that it starts to get more

diÆcult. For a quadratic function, some of the optimization methods will be able

to locate the extremum after only n iterations, n being the number of unknown

variables. For non-quadratic functions, the number of iterations increase consid-

erably, and it is not even certain that some of the methods will be able to �nd

the extremum after an in�nite number of iterations. The choice of method can

therefore prove to be crucial, both for e�ectiveness, and for actually locating the

extremum.

Optimization is made even more complex when dealing with non-linear func-

tions, where there will be a number of stationary points: global, local and/or

saddle points. The problem here is to distinguish between them, especially lo-

cating the global extrema.

Equation (4.1) has both these complicating factors, making optimization a

central problem in the AVP. I will therefore take a closer look at some of the

optimization methods in this chapter, trying to locate the ones that are applicable

here. But, before doing that, we also need an e�ective numerical method for

integrating equation (4.1) and its derivatives. The choice can also be of some

importance in the attempt to reduce the computing time of the stationary values.

4.2 Integration

The integral in equation (4.1), including its �rst and second derivatives, has to

be computed at least once in each iteration, usually several times, and therefore

the choice of method and accuracy has to be made with care. There are several
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numerical integration method, e.g. Trapezoid, Simpson, Romberg, and Gaussian

quadrature.III I will take a closer look at the latter one.

The Gaussian quadrature is a generalization of the the Newton-Cotes formula,

Z
b

a

f(x) dx �
nX
i=0

w
i
f(x

i
) ; (4.2)

where x
i
are the abscissas and w

i
the weights. Newton-Cotes is a polynomial

interpolation, where the abscissas are equally spaced in the interval (a,b). Trape-

zoid and Simpson are both a variation of this interpolation. The idea of the

Gaussian quadrature is that the abscissas are no longer restricted to be equally

spaced, and that they can be chosen to give higher accuracy. Another attracting

feature is that the weights and abscissas can be arranged to make the integral ex-

act when the integrand is a product of a function f(x) and and a weight function

W (x). The weight function can be chosen to remove singularities. The rewritten

Newton-Cotes formula is then

Z
b

a

W (x)f(x) dx �
nX
i=0

w
i
f(x

i
) ; (4.3)

and is exact if f(x) is a polynomial of degree � n. The abscissas and the weights

are determined by a set of polynomials that are orthogonal over the weight func-

tion W (x). For quite a few \classical" orthogonal polynomials for a given weight

function, abscissas and weights are either tabulated or can be found by given

algorithms (Press et al., 1992).

In this treatise, Gaussian quadrature with weight function W (a) = a�1=2 has

been applied, and has proven to be very eÆcient.IV It is highly superior to other

methods like the Trapezoid and the Simpson method, both when it comes to

speed and accuracy. To achieve satisfactory accuracy in calculating equation

(4.1) to, say, seven signi�cant �gures, 10 abscissas are needed, thus requiring

the calculations of the integrand at only 10 points in time. The argument of

Giavalisco et al. (1993) applies here: If the number of abscissas used in the

Gaussian quadrature exceeds by one the number N in the truncated expansion

in equation (3.21), the error introduced by the Gaussian quadrature is totally

negligible compared with the error in the truncated expansion itself.

IIIDescription of these method can be found in textbooks like Kincaid and Cheney (1996);
Press et al. (1992); Cohen (1981).
IVGiavalisco et al. (1993) made use of W (a) = a�1. I have not tried this; it is more laborious

to apply and my choice seems to work well.
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The abscissas and weights used can be easily deduced from the respective

abscissas and weights for the Gauss-Legendre quadrature;

abscissas a
i
= a2

i;GL
; weights w

i
= 2w

i;GL
; (4.4)

where GL denote Gauss-Legendre (Cohen, 1981, page 276).

The Gaussian quadrature method with the weight function chosen here seems

to be comparable to the one used by Giavalisco et al. (1993), and greatly superior

to the integration methods used otherwise in connection with the AVP.V

4.3 Optimization

As discussed briey in Section 4.1, the problem we are facing when searching for

stationary values of the action given in equation (4.1) is optimization; i.e. trying

to locate the stationary values. In literature treating the AVP, only minimum

and saddle points have been searched for, indicating that there are no maximum

points for the action. I will therefore only discuss minimum (both global and

local) and saddle points in this thesis. The choice of optimizing methods is a

reection of this; with the exception of the Newton-Raphson method, all of the

methods search for stationary values in a descent direction. This automatically

excludes any possible maximumpoints. The Newton-Raphson method is capable

of locating any stationary point, but, as we will see in the next chapter, there

will solely be minimum and saddle points that are solutions to the action.

A general description of several optimizing methods will be given in this sec-

tion, while in the next chapter, they will be evaluated by applying them to a

system galaxies. The methods will be judged on the ground of e�ectiveness and

ability to locate di�erent solutions. The reason for doing this rather detailed

testing is simply that there, as of today, is no method that is known to be better

than any other for general use, and that it is hard to say from just looking at the

problem which method is best suitable. A description of the methods presented

can be found in textbooks like Press et al. (1992); Walsh (1975); Dennis and

Schnabel (1983); Gill et al. (1981); Bertsekas (1995).

In the general treatment given in the remaining parts of this chapter, the

function for which we try to �nd the minima are referred to as f(x), where x

are the unknown variables. An unconstrained optimization procedure starts by

choosing a starting point; i.e. an initial guess for the values of the unknown

parameters in f(x), x0. A substantial amount of computing time can be saved,

VPeebles (1994) referred to the Gaussian quadrature used by Giavalisco et al. (1993) as \very
eÆcient", but never used it.
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and the possibility of actually �nding minima increased, by choosing x0 with

some care. This means in practice using whatever information available on the

behavior of f(x), so that our initial guess is not too far from the stationary

point(s).

Once the initial point is chosen, we must make two decisions before the next

point can be generated: (i) we must �rst pick a direction along which the next

point is to be chosen, and (ii) we must decide on a step size to be taken in that

chosen direction. We then have the following iterative picture

x
k+1 = x

k
+ �

k
d
k

k = 0; 1; : : : ; (4.5)

where d
i
is the direction and j�

i
d
i
j is the step size. The di�erent optimization

methods presented di�er in the choice of d
i
and �

i
. Roughly speaking, we can

classify these methods into three categories:

(1) The methods using only the functional values, called direct methods.

(2) The methods making use of �rst-order derivatives.

(3) The methods which also requires knowledge of second-order derivatives.

The two last categories are often also classi�ed as gradient methods. In choosing

a method, accuracy and especially computing time are of the essence. Category

(1) will not be considered here; it is generally accepted that one should make use

of �rst-order derivatives if they are available and not too elaborate to calculate.

Category (3) will generally generate points that are suÆciently close to the mini-

mum point in the least number of steps, but that does not necessarily mean that

it is the most eÆcient. The computational costs of computing and handling the

second derivatives can be so substantial, that the evaluation of the �rst derivative

alone at several points would take less computing time. Methods of category (2)

would then be a preferable choice.

For illustrative purposes, a quadratic function will be used in the presentation

of these optimizing methods, much due to its simplicity, but mainly because

several of these methods where originally designed to solve problems equivalent

to minimizing a quadratic function. The n-dimensional quadratic functions used

here is on the form

f(x) =
1

2
xT �Q � x+ b � x+ c ; (4.6)
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START

Y

X

Figure 4.1: The method of Steepest Descent approaches the minimum in a zig-zag manner,
where the new search direction is orthogonal to the previous.

where Q is a positive de�nite matrixVI, x and b are vectors, and c is a scalar

constant. The illustrations presented are 2-dimensional representation of the

quadratic, where the contours represent where the function values are the same.

Let us now take a closer look at some of these optimizing methods, starting

with category (2).

4.3.1 Method of Steepest Descent

The method of Steepest Descent is the simplest of the gradient methods. The

choice of direction is where f decreases most quickly, which is in the direction

opposite to rf(x
i
). The search starts at an arbitrary point x0 and then slide

down the gradient, until we are close enough to the solution. In other words, the

iterative procedure is

x
k+1 = x

k
� �

k
rf(x

k
) = x

k
� �

k
g(x

k
) ; (4.7)

VIA symmetric matrix is said to be positive de�nite if, and only if, all its eigenvalues are
positive (Dennis and Schnabel, 1983).
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where g(x
k
) is the gradient at one given point. Now, the question is, how big

should the step taken in that direction be; i.e. what is the value of �
k
? Obviously,

we want to move to the point where the function f takes on a minimum value,

which is where the directional derivative is zero. The directional derivative is

given by

d

d�
k

f(x
k+1) = rf(xk+1)T �

d

d�
k

x
k+1 = �rf(xk+1)T � g(xk) : (4.8)

Setting this expression to zero, we see that �
k
should be chosen so that rf(x

k+1)

and g(x
k
) are orthogonal. The next step is then taken in the direction of the

negative gradient at this new point and we get a zig-zag pattern as illustrated in

Figure (4.1). This iteration continues until the extremum has been determined

within a chosen accuracy �.

What we have here is actually a minimization problem along a line, where the

line is given by (4.7) for di�erent values of �
k
. This is usually solved by doing

a linear search (also referred to as a line search); i.e. searching for a minimum

point along a line. A description of some of these methods is given by Press

et al. (1992); Walsh (1975); Shewchuk (1994). Hence, the search for a minimum

of f(x) is reduced to a sequence of linear searches. This implementation of the

Steepest Descent method are often referred to as the optimal gradient method.

Alternatively, one can start out with a chosen value for �
k
, which, if necessary,

will be modi�ed during the iterations, making sure that the function decreases

at each iteration. This is of course a lot simpler, and often works better, in cases

where the calculation using a linear search is laborious. It will take many more

iterations to reach the minimum, but each iteration will take much less time than

by using a linear search.

The resultant iterative algorithm with a linear search is given in Algorithm

4.1.

Initializing: g0 = rf(x0) ; d0 = �g0

1. Determine the step length �
k
: min

�k>0
f(x

k
+ �

k
d
k
).

2. Calculate the new point: x
k+1 = x

k
+ �

k
d
k
.

3. Calculate the gradient: g
k+1 = rf(xk+1).

4. Set direction of search: d
k+1 = �gk+1.

Algorithm 4.1: Method of Steepest Descent
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START
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Figure 4.2: The convergence of the method of Steepest Descent. The step size gets smaller
and smaller, crossing and recrossing the valley (shown as contour lines), as it approaches the

minimum.

As seen, the method of Steepest Descent is simple, easy to apply, and each

iteration is fast. It also very stable; if the minimum points exist, the method is

guaranteed to locate them after at least an in�nite number of iterations. But,

even with all these positive characteristics, the method has one very important

drawback; it generally has slow convergence. For badly scaled systems; i.e. if the

eigenvalues of the Hessian matrixVII at the solution point are di�erent by several

orders of magnitude, the method could end up spending an in�nite number of

iterations before locating a minimum point. It starts out with a reasonable con-

vergence, but the progress gets slower and slower as the minimum is approached

(Shewchuk, 1994). This is illustrated in Figure 4.2, in the case of a quadratic

function with a long, narrow valley. The method may converge fast for such

badly scaled systems, but is then very much dependent on a good choice of start-

ing point. In other words, the Steepest Descent method can be used where one

has an indication of where the minimum is, but is generally considered to be a

poor choice for any optimization problem. It is mostly only used in conjunction

with other optimizing methods.

4.3.2 Method of Conjugate Gradients

As seen in the previous subsection, the reason why the method of Steepest Descent

converges slowly is that it has to take a right angle turn after each step, and

consequently search in the same direction as earlier steps (see Figure 4.1). The

method of Conjugate Gradients is an attempt to mend this problem by \learning"

VIIThe matrix containing the second partial derivatives of the action at x.
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from experience.

\Conjugacy" means that two unequal vectors, d
i
and d

j
, are orthogonal with

respect to any symmetric positive de�nite matrix, for example Q in (4.6); i.e.

dT
i
�Q � d

j
= 0 : (4.9)

This can be looked upon as a generalization of orthogonality, for which Q is the

unity matrix. The idea is to let each search direction d
i
be dependent on all the

other directions searched to locate the minimum of f(x) through equation (4.9).

A set of such search directions is referred to as a Q-orthogonal, or conjugate, set,

and it will take a positive de�nite n-dimensional quadratic function as given in

(4.6) to its minimum point in, at most, n exact linear searches. This method is

often referred to as Conjugate Directions, and a short description follows.

The best way to visualize the working of Conjugate Directions is by compar-

ing the space we are working in with a \stretched" space. An example of this

\stretching" of space is illustrated in Figure 4.3: (a) demonstrates the shape of

the contours of a quadratic function in real space, which are elliptical (for b 6= 0).

Any pair of vectors that appear perpendicular in this space, would be orthogonal.

(b) show the same drawing in a space that are stretched along the eigenvectorVIII

axes so that the elliptical contours from (a) become circular. Any pair of vectors

that appear to be perpendicular in this space, is in fact Q-orthogonal. The search

for a minimumof the quadratic functions starts at x0 in Figure 4.3(a), and takes a

step in the direction d0 and stops at the point x1. This is a minimumpoint along

that direction, determined the same way as for the Steepest Decent method in

the previous section: the minimumalong a line is where the directional derivative

is zero (equation (4.8)). The essential di�erence between the Steepest Descent

and the Conjugate Directions lies in the choice of the next search direction from

this minimum point. While the Steepest Descent method would search in the

direction r1 in Figure 4.3(a), the Conjugate Direction method would chose d1.

How come Conjugate Directions manage to search in the direction that leads us

straight to the solution x? The answer is found in Figure 4.3(b): In this stretched

space, the direction d0 appears to be a tangent to the now circular contours at

the point x1. Since the next search direction d1 is constrained to be Q-orthogonal

to the previous, they will appear perpendicular in this modi�ed space. Hence, d1
will take us directly to the minimum point of the quadratic function f(x).

To avoid searching in directions that have been searched before, the Conjugate

Direction guarantees that the minimization of f(x
k
) along one direction does

not \spoil" the minimization along another; i.e. that after i steps, f(x
i
) will

VIIIThe eigenvectors are given by the matrix of the quadratic function, e.g. Q in equation
(4.6).
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Figure 4.3: Optimality of the method of Conjugate Directions. (a) Lines that appear per-
pendicular are orthogonal. (b) The same problem in a \stretched" space. Lines that appear
perpendicular are Q-orthogonal.

be minimized over all searched directions. This is essentially what is stated in

equation (4.9): A search along d
i
has revealed where the gradient is perpendicular

to d
i
, rf

i
�d

i
= 0, and as we now move along some new direction d

j
, the gradient

changes by Æ(rf) = Q � d
j
(see equation (4.6)). In order to not interfere with

the minimization along d
i
, we require that the gradient remain perpendicular to

d
i
; i.e. that the change in gradient itself be perpendicular to d

i
. Hence, we have

equation (4.9). We see from Figure 4.3(b), where d0 and d1 appear perpendicular

because they are Q-orthogonal, that it is clear that d1 must point to the solution

x. A thorough description of the linear Conjugate Directions and Conjugate

Gradients methods has been given by Shewchuk (1994).

The Conjugate Gradients method is a special case of the method of Conju-

gate Directions, where the conjugate set is generated by the gradient vectors.

This seems to be a sensible choice since the gradient vectors have proved their

applicability in the Steepest Descent method, and they are orthogonal to the

previous search direction. For a quadratic function, as given in equation (4.6),

the procedure is as follows.

The initial step is in the direction of the steepest descent:

d0 = �g(x0) = �g0 : (4.10)

Subsequently, the mutually conjugate directions are chosen so that
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d
k+1 = �gk+1 + �

k
d
k

k = 0; 1; : : : ; (4.11)

where the coeÆcient �
k
is given by, for example, the so called Fletcher-Reeves

formula:

�
k
=
gT
k+1 � gk+1
gT
k
� g

k

: (4.12)

For details, see Walsh (1975). The step length along each direction is given by

�
k
=

dT
k
� g

k

dT
k
� (Q � d

k
)
: (4.13)

The resulting iterative formula is identical to (4.5).

When the matrixQ in (4.13) is not known, or is too computationally costly to

determine, the stepsize can be found by linear searches. For the Conjugate Gradi-

ent method to converge in n iterations, these linear searches need to be accurate.

Even small deviations can cause the search vectors to lose Q-orthogonality, re-

sulting in the method spending more than n iterations in locating the minimum

point. In practice, accurate linear searches are impossible, both due to numeri-

cal accuracy and limited computing time. The direct use of equation (4.13) will

most likely not bring us to the solution in n iterations either, the reason being

the limited numerical accuracy in the computations which gradually will make

the search vectors lose their conjugacy. It should also be mentioned that if the

matrix Q is badly scaled, the convergence will be slowed down considerably, as

it was for the Steepest Descent method.

Even though the Conjugate Gradients method is designed to �nd the min-

imum point for simple quadratic functions, it also does the job well for any

continuous function f(x) for which the gradient rf(x) can be computed. Equa-

tion (4.13) can not be used for non-quadratic functions, so the step length has

to be determined by linear searches. The conjugacy of the generated directions

may then progressively be lost, not only due to the inaccurate linear searches,

but also due to the non-quadratic terms of the functions. An alternative to the

Fletcher-Reeves formula that, to a certain extent, deals with this problem, is the

Polak-Ribi�ere formula (Press et al., 1992):
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Initializing: g0 = rf(x0) ; d0 = �g0

1. Determine the steplength �
k
: min

�k>0
f(x

k
+ �

k
d
k
) .

2. Calculate the new point: x
k+1 = x

k
+ �

k
d
k
.

3. Calculate the gradient: g
k+1 = rf(xk+1).

4. Determine the direction of search: d
k+1 = �gk+1 + �

k
d
k
,

�
k
=
gT
k+1 � (gk+1 � g

k
)

gT
k
� g

k

:

Algorithm 4.2: Method of Conjugate Gradients

�
k
=
gT
k+1 � (gk+1 � g

k
)

gT
k
� g

k

: (4.14)

The di�erence in performance between these two formulas is not big though, but

the Polak-Ribi�ere formula is known to perform better for non-quadratic functions.

The iterative algorithm for the Conjugate Gradients method for non-quadratic

functions using the Polak-Ribi�ere formula is given in Algorithm 4.2.

Regardless of the direction-update formula used, one must deal with the loss

of conjugacy that results from the the non-quadratic terms. The Conjugate

Gradients method is often employed to problems where the number of variables

n is large, and it is not unusual for the method to start generating nonsensical

and ineÆcient directions of search after a few iterations. For this reason it is

important to operate the method in cycles, with the �rst step being the Steepest

Descent step. One example of a restarting policy is to restart with the Steepest

Descent step after n iterations after the preceding restart.

Another practical issue relates to the accuracy of the linear search that is

necessary for eÆcient computation. On one hand, an accurate linear search is

needed to limit the loss of direction conjugacy. On the other hand, insisting on

very accurate line search can be computationally expensive. To �nd the best

possible middle path, trial and error is needed.

The Conjugate Gradients method is apart from being an optimizationmethod,

also one of the most prominent iterative method for solving sparse systems of

linear equations. It is fast and uses small amounts of storage since it only needs

the calculation and storage of the second derivative at each iteration. The latter

becomes signi�cant when n is so large that problems of computer storage arises.
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But, everything is not shiny; the less similar f is to a quadratic function, the

more quickly the search directions lose conjugacy, and the method may in the

worst case not converge at all. Although, it is generally to be preferred over the

Steepest Descent method.

4.3.3 The Newton-Raphson Method

We now devote our attention to a method of category (3) from page 39. The

method di�ers from the Steepest Descent and Conjugate Gradients method,

which both are of category (2), in that the information of the second deriva-

tive is used to locate the minimum of the function f(x). This results in faster

convergence, but not necessarily less computing time. The computation of the

second derivate and the handling of its matrix can be very time-consuming, es-

pecially for large systems.

The idea behind the Newton-Raphson method is to approximate the given

function f(x) in each iteration by a quadratic function, as given in equation

(4.6), and then move to the minimum of this quadratic. The quadratic function

for a point x in a suitable neighbourhood of the current point x
k
is given by a

truncated Taylor series:

f(x) � f(x
k
) + (x� x

k
)T � g

k
+
1

2
(x� x

k
)T �H

k
� (x� x

k
) ; (4.15)

where both the gradient g
k
and the Hessian matrix H

k
are evaluated at x

k
. The

derivative of (4.15) is

rf(x) = g
k
+
1

2
H

k
� (x� x

k
) +

1

2
HT

k
� (x� x

k
) : (4.16)

The Hessian matrix is always symmetric if the function x
k
is twice continuously

di�erentiable at every point, which is the case here. Hence, (4.16) reduces to

rf(x) = g
k
+H

k
� (x� x

k
) : (4.17)

If we assume that f(x) takes its minimum at x = x�, the gradient is zero; i.e.

H
k
� (x� � x

k
) + g

k
= 0 ; (4.18)
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which is noting else but a linear system. The Newton-Raphson method uses the

x� as the next current point, resulting in the iterative formula

x
k+1 = x

k
�H�1

k
� g

k
k = 0; 1; : : : ; (4.19)

where �H�1
k
� g

k
is often referred to as the Newton direction.

If the approximation in (4.15) is valid, the method will converge in just a few

iterations. For example, if the function to be optimized, f(x), is a n-dimensional

quadratic function, it will converge in only one step from any starting point.

Even though the convergence may seem to be fast, judged by the number

of iterations, each iteration does include the calculation of the second derivative

and handling of the Hessian. The performance of the method is therefore very

dependent on certain qualities of the Hessian. One of these qualities is posi-

tive de�niteness. For the method to converge towards a minimum, the Newton

direction needs to be a direction of descent. Thus, we require

rf(x
k
) � d

k
= gT

k
� (x

k+1 � x
k
) < 0 ; (4.20)

which, by inserting (4.19), gives

�(x
k+1 � x

k
)T �H

k
� (x

k+1 � x
k
) < 0 : (4.21)

This inequality is satis�ed at all points for which x
k+1 � x

k
6= 0 if H

k
is positive

de�nite. The further x
k
is from the solution, the worse the quadratic approxi-

mation in (4.15) gets, which can result in the Hessian not being positive de�nite.

The method is then no longer guaranteed to proceed toward a minimum; it may

end up at any other critical point, whether it be a saddle point or a maximum

point.

There are several ways to make sure that the Hessian is positive de�nite, e.g.

by adding a large enough �I, where I is the unit matrix and � is a positive scalar,

or by diagonalizing the matrix by the use of eigenvalues. Descriptions of some

of these methods can be found in textbooks like Gill et al. (1981); Dennis and

Schnabel (1983).
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The size of the Hessian can also be crucial to the e�ectiveness of the Newton-

Raphson method. For systems with a large number of dimensions, i.e. that

the function f(x) has a large number of variables, both the computation of the

matrix, and calculations that includes it, will be very time-consuming. This can

be mended by either just using the diagonal terms in the Hessian; i.e. ignoring

the cross terms, or just not recalculate the Hessian at each iteration (can be done

due to slow variation of the second derivative).

Another serious disadvantage of the Newton-Raphson method is that it is

not necessarily globally convergent, meaning that it may not converge from any

starting point. If it does converge, it is not unusual that it expend signi�cant

computational e�orts in getting close enough to the solution where the approx-

imation in (4.15) becomes valid, and the convergence is fast. An aid to this

problem is to adjust the stepsize in the Newton direction, assuring the function

value to decrease. Equation (4.19) is then as follows:

x
k+1 = x

k
� �

k
H�1

k
� g

k
k = 0; 1; : : : : (4.22)

There are several methods for doing this, for example linear searches and �xed

stepsize mentioned in Subsection 4.3.1, but it is recommended to use a backtrack-

ing scheme (e.g. by Press et al., 1992), where the full Newton step, �
k
= 1, is

tried �rst. If this step fail to satisfy the criterion for the decrease of the function,

one backtracks in a systematic way along the Newton direction. The advantage

of doing this is that one will be able to enjoy the fast convergence of the Newton-

Raphson method close to the solution. For details on the backtracking scheme,

see for example Press et al. (1992, page 377); Dennis and Schnabel (1983, Section

6.3).

In spite of these mentioned problems, the Newton-Raphson method enjoys a

certain amount of popularity because of its fast convergence in a suÆciently small

neighbourhood of the stationary value. The convergence is quadratic, which,

loosely speaking, means that the number of signi�cant digits double after each

iteration. In comparison, the convergence of Steepest Descent method is at best

linear and for the Conjugate Gradients method it is superlinear. The resultant

algorithm for the Newton-Raphson method using backtracking is given in Algo-

rithm 4.3.

As shown in Subsection 4.3.1, the method of Steepest Descent start out having

a rather rapid convergence, while Newton-Raphson has just the opposite quality;

starts out slowly and ends with a very rapid convergence. It is too obvious to

be ignored that these two methods can be combined, resulting in a very eÆcient

method. One starts out with the Steepest Descent method, and switch to the

Newton-Raphson method when the progress by the former gets slow, and enjoys
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1. Calculate the gradient: g
k
= rf(x

k
).

2. Calculate the Hessian: H
k
= r2f(x

k
).

3. Determine the direction of search: d
k
= �H�1

k
� g

k

4. Determine the steplength �
k
by backtracking.

5. Calculate the new point by: x
k+1 = x

k
+ �

k
d
k
.

Algorithm 4.3: The Newton-Raphson Method

the quadratic convergence of the latter. An example of this type of combination

is discussed next (and in Section 5.3: the Hybrid method).

4.3.4 Secant Method

Comparing the iterative formula of the Steepest Descent (4.5) with (4.22) shows

that the Steepest Decent method is identical to the Newton-Raphson whenH�1
k

=

I, I being the unit matrix. This is the basis for the Secant method, also known

as the Variable Metric method.IX

As seen in the previous subsection, the Hessian matrix needed in the Newton-

Raphson method can be both laborious to calculate and invert for systems with

a large number of dimensions. The idea of the Secant method is not to use the

Hessian matrix directly, but rather start of the procedure with an approximation

to the matrix, which, as one gets closer to the solution, gradually approaches the

Hessian.

The earliest Secant methods were formulated in terms of constructing a se-

quence of matrices B
k
which builds up the inverse Hessian; that is,

lim
k!1

B
k
= H�1 : (4.23)

Even better if the limit is achieved after n iterations instead of in�nitely many

iterations. The iterative formula is then

x
k+1 = x

k
� �

k
B

k
� g

k
k = 0; 1; : : : ; (4.24)

IXThis method is also often referred to as \Quasi-Newton", but in this thesis the convention
of Dennis and Schnabel (1983) is used: since the method in question is a multidimensional
generalization of the linear secant method, it can be called a secant method. The term quasi-
Newton can be used to describe the Newton-Raphson method with a stepsize determiner.
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where g
k
is the gradient. Later, methods for constructing the ordinary Hessian

were presented. The inverse Hessian approximation might seem to o�er an ad-

vantage in terms of the number of arithmetic operation required to perform an

iteration, since one needs to inverse the matrix for the Hessian update. This

seeming defect was eliminated by, instead of updating the Hessian, the Cholesky

factors LTL of the Hessian were modi�ed at each iteration (Gill et al., 1981).

The number of arithmetic operations is then the same for the two methods.

Both methods are being used today, the choice being a matter of convenience

and taste. The inverse Hessian update will be used in this thesis, and therefore

only this method will be presented in the following. For details on the Hessian

update, see Gill et al. (1981); Dennis and Schnabel (1983).

For a n-dimensional quadratic function, the inverse Hessian will be achieved

after at most n iterations, and the solution will then be located, from what we saw

in Subsection 4.3.3, in only one iteration. Hence, the solution will be arrived at

after at most n iterations. In other words, this method resembles the method of

Steepest Descent near the starting point of the procedure, while near the optimal

point, it metamorphose into the Newton-Raphson method.

The Secant method is quite similar to the Conjugate Gradients, in some

senses. They both converge after n iterations for an n-dimensional quadratic

function, they both accumulate information from successive iterations, and they

both require the calculation of only the �rst derivative. (The latter makes the

Secant method part of category (2) from page 39.) The main di�erence between

the two methods is the way they store and update the information; the Secant

method requires an n � n matrix while the Conjugate Gradients method only

needs an n-dimensional vector. Usually, the storage of the matrix in the Secant

method is no disadvantage, at least not for a moderate number of variables.

So how are the B
k
being updated at each iteration? There are two main

schemes (Gill et al., 1981), namely Davidon-Fletcher-Powell (DFP) and Broyden-

Fletcher-Goldfarb-Shanno (BFGS). Let us �rst consider the DFP algorithm. At

a point x
k
, the approximated inverse Hessian at the subsequent point is given by

(Press et al., 1992)

B
k+1 = B

k
+
p
k
� p

k

y
k
� p

k

� (B
k
� y

k
)� (B

k
� y

k
)

y
k
� (B

k
� y

k
)

; (4.25)

where p
k
= x

k+1�xk and yk = g
k+1�gk, g being the gradient. This expression

is constructed by forcing the p-s to be mutually Q-conjugate. Even though the

deduction of equation (4.25) is in regard of a quadratic function, it basically

applies for all kinds of equations/systems. Another property of (4.25) is that if
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Initializing: g0 = rf(x0) ; d0 = �g0 ; B0 = I

1. Determine the steplength �
k
by backtracking.

2. Calculate the new point: x
k+1 = x

k
+ �

k
d
k
.

3. Calculate the gradient: g
k+1 = rf(xk+1).

4. Calculate the update to the inverse Hessian:

B
k+1 = B

k
+
p
k
� p

k

y
k
� p

k

� (B
k
� y

k
)� (B

k
� y

k
)

y
k
� (B

k
� y

k
)

+ [y
k
� (B

k
� y

k
)]u� u ;

u � p
k

y
k
� p

k

� (B
k
� y

k
)

y
k
� (B

k
� y

k
)

5. Determine the direction of search: d
k+1 = �Bk+1 � gk+1

Algorithm 4.4: The Secant Method

B0 is positive de�nite, it will remain so for each k; i.e. B
k
is a sequence of positive

de�nite matrices. For proofs and a detailed deduction of (4.25), see Walsh (1975).

The BFGS algorithm was later introduced to improved some unbecoming

features of the DFP formula, concerning, for example, roundo� error and con-

vergence tolerance. The BFGS updating formula is exactly the same, apart from

one additional term (Press et al., 1992)

: : :+ [y
k
� (B

k
� y

k
)]u� u ; (4.26)

where u is de�ned by

u � p
k

y
k
� p

k

� (B
k
� y

k
)

y
k
� (B

k
� y

k
)
: (4.27)

The BFGS formula is usually to be preferred (Gill et al., 1981).

The step length �
k
in equation (4.24) is determined as for the Newton-

Raphson method; i.e either by linear search, backtracking, or by deciding on

0 < � � 1 and gradually changing it to unity as the solution is being approached.

The algorithm for the BFGS update with backtracking is given in Algorithm 4.4.

The Secant method has become very popular for optimization: it converges

fast (at best superlinear), it is stable, and spends relatively modest computing
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time at each iteration. The method is often being preferred over the Conjugate

Gradients method, but the latter will have an advantage over the former for

systems with large number of dimensions (e.g. 10,000). Since both the DFP and

the BFGS updating formulas are guaranteed to uphold the positive de�niteness

of the initial approximation of the inverse Hessian (assuming that there are no

roundo� errors that results in loss of positive de�niteness), the Secant method

will only be able to locate minimum points.





Chapter 5

Orbits of Galaxies

With the information from the two previous chapters, we are now ready to test

the AVP on real systems of galaxies. A complete algorithm for the determination

of stationary values for such a system will then be needed. A description of

such a program, AVP, in which any of the optimization methods from Chapter 4

can be inserted, will be given in Section 5.1, where it also will be applied to a

system consisting of eight galaxies in the LG and the LN. Next, in Section 5.2,

the N-body code used to test the validity of the action solutions, NBODY1, will

be presented. NBODY1 was kindly provided by the author of the code, Dr. Sverre

Aarseth. The di�erent optimizing methods from Section 4.3 will be tested on the

eight particle system in Section 5.3, while in Section 5.4, the test will be extended

to a larger, more realistic, system of particles, consisting of 22 mass tracers. These

two systems of mass tracers will serve as two distinctly di�erent testing grounds,

which, hopefully, will enable us to determine which optimizing method work best

for what type of system. Also given in Section 5.4 is a physical discussion of

the solutions of the larger system, trying to �t the model with observations. All

the calculations in this chapter were performed in double precision on a Digital

Personal Workstation with a 500 MHz 21264 Alpha processor (EV6).

5.1 Implementation of the AVP

As pointed out in Section 4.1, the implementation of the AVP usually starts

with Hamilton's principle instead of solving the system of non-linear constraint

equations in (3.35). This means that the partial integration in (3.25) is not

considered, which in turn means that the boundary values are only being taken

account of in the trial functions, (3.22) or (3.23). The basic idea of the AVP is

then to �nd the values of the coeÆcients in the parameterization of the orbits in

equation (3.21) that optimizes the action in equation (4.1). This results in the

knowledge of the individual position of each mass tracer in the system at any

given point in time, ranging from a = 0 until today a(t0) = a0 = 1. If these

55
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solutions have any foundation in reality, which, as we shall see later, there are

quite a few indications of, this principle will have a wide range of applications.

More on this in Section 6.1.

Before getting to the details of the AVP code, let us �rst sum up some of the

more general observations from Chapter 4. For n-dimensional quadratic functions

(4.6), the minimumwill be located from any starting point in at most n iterations

by using any optimizing methods (with the exception of Steepest Descent, which

in worst case may use an in�nite number of iterations), assuming that there are no

numerical discrepancies. With the n-dimensional non-quadratic function studied

in this thesis, i.e. the action from equation (4.1), the solutions will at best be

reached in n iterations. In addition, the action is non-linear, which may result in

a multiple number of possible solutions.

The search for the stationary points of the action is initialized by choosing

a starting point which, preferably, is close to the solution. For optimization of

non-quadratic functions, a smart choice of starting point can be signi�cant in the

attempt to reduce the number of iterations used in locating the stationary points;

the closer the initial point is to the solution, the shorter the computing time will

be. An additional e�ect arises in the case of non-linear functions; di�erent starting

points may lead to di�erent solutions, being either local or global minima, or even

saddle points.

Note that the positions are not given as x as in the previous chapter, but

as C�

i;n
(see equation 3.21). The iterative formula equivalent to equation (4.5) is

then

(C�

i;n
)
k+1 = (C�

i;n
)
k
+ �

k
(d�

i;n
)
k

k = 0; 1; : : : ; (5.1)

where d�
i;n

is the direction of search.

5.1.1 The AVP Code

A description of the code used to locate the minimum points of the action will be

given in this subsection, including some of its speci�cations. The code, inventively

called AVP, was written in the Fortran 90/95 programming language, consisting

of subroutines, functions, and modules. The complete code will be given in

Appendix A, where also a more detailed description is given of the structure of

the code dependent on the programming language.

Before looking into the details of the AVP code, it should be noted that all

parameters and variables are scaled according to mass, distance, and time given

in the following units
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mass =) 1012M� ;

distance =) Mpc ; (5.2)

time =) Gyr (109 years) ;

\�" indicating solar value. The reason for this scaling is to make the values used

in the calculation as close to unity as possible, hence reducing the risk of roundo�

errors. The resulting range of the variables, in this case the coeÆcients C�

i;n
in

equation (3.21), is about (10�2; 102). For some of the optimizing methods this

scaling is not adequate, especially in the case of the Steepest Descent. Attempts

to improve the scaling have not been successful since there are no constraints on

the value of each separate coeÆcient.

The computation is initialized by reading certain parameters from input �les,

e.g. cosmological and mass tracer parameters. The mass of each mass tracer is

scaled to the mass of M31, its distance from the MW is given in Mpc, and the

celestial coordinates in degrees. The celestial coordinates and distances are used

to calculate each mass tracer's Cartesian coordinates by the following relations:

x = d cos Æ cos� ; y = d cos Æ sin� ; z = d sin Æ ; (5.3)

where d is the distance, Æ is the declination and � is the right ascension. The

mass of each mass tracer is determined by an initial guess for the mass of M31,

whereupon the celestial coordinates are adjusted to the centre of mass rest frame.

Also read from �le are the initial values of the coeÆcients, i.e. the starting

point for the search. As discussed earlier, this point is chosen as close as possible

to where the solution is assumed to be, which, hopefully, will reduce the com-

puting time. If one can assume that the system of mass tracers is cosmologically

young; i.e. they are moving towards each other for the �rst time, the peculiar

velocities are probably small. This indicates, by referring to equation (3.21),

small values of the coeÆcients. Therefore, a preferable choice for initial values

should be close to zero, both positive and negative. A common choice is actually

C�

i;n
= 0. Details on the input �les are given in Appendix A.4.

Usually the coeÆcients are given a common initial value, but it is sometimes

practical to be able to specify a speci�c value for each coeÆcient. Hence, in the

AVP code, one has the choice of either giving the same value to each coeÆcient,

or reading individual values from �le. This also gives us the freedom to halt and

restart the computation at any point or to use the solution from one cosmological

model as initial values for a search in another.
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The next step is the initialization of some parameters and variables, e.g. R0

from equation (3.36), and the trial functions (either 3.22 or 3.23). The latter

ones are determined at the points in time, or rather points in the expansion

parameter, determined by the integration method. As stated in Section 4.2,

the integration method used here is the Gaussian Quadrature method, and the

number of abscissas is consistently chosen to exceed the number of trial functions,

N , by at least one. The abscissas and their respective weights are calculated as

shown in equation (4.4), where the Gauss-Legendre abscissas and weights are

determined by the gauleg routine given by Press et al. (1996).

The iterative process can now commence. Any chosen optimizing method is

the main part of this process, with underlying algorithms such as integration,

linear searches, backtracking, and matrix inversion|depending on the choice of

optimizing method. Two linear searches were tested: Davidon's method (Walsh,

1975), which is a cubic interpolation method, and the secant method (Shewchuk,

1994), which is a version of the Newton-Raphson method in one dimension where

the second derivative has been eliminated. There was practically no di�erence in

the performance between these two methods, so the secant method was applied,

mainly due to its simplicity. The source code for the secant method can be found

in Appendix A.1

The linear searches include a number of calculations of both the action and

its gradient at each iteration, which in some cases can take up a considerable

amount of computing time. Therefore, the linear search is sometimes omitted,

simply using a preassigned value for the step length factor �
k
(see equation 4.5),

which either is gradually set to unity when closing in on the solution when applied

for the Newton-like methods, or is just modi�ed so that the action decreases at

each iteration (Steepest Descent method). This may result in more iterations, but

the total computing time can be reduced. The backtracking scheme is, in reality,

just a more advanced version of the two rather crude stepsize algorithms, where

the step length is determined to be equal to or less than unity by ful�lling certain

criteria for the decrease of the action (see equation 5.21). The computational

e�ort of this method less than for the linear search, but somewhat more than for

the crude stepsize algorithms, and only applies for the Newton-Raphson and the

Secant method.

The Newton-Raphson optimizing method needs a matrix inversion algorithm;

i.e. solving a linear system as shown in equation (4.18). There are several methods

for this type of problem, e.g. Gauss-Jordan elimination, Gauss elimination with

backsubstitution, LU decomposition, and Cholesky factorization. All these four

methods have been tried here, and not surprisingly, since the matrix inverse are

not needed per se, the LU decomposition and Cholesky factorization proved to

be the most eÆcient. The Cholesky factorization is the better of the two, but has

the limitation that the matrix must be positive de�nite. Therefore, the Cholesky

factorization will only be used when the Hessian is positive de�nite, otherwise,

the LU decomposition will be applied. More on these methods in Press et al.



5.1. IMPLEMENTATION OF THE AVP 59

(1992).

The iterative process was terminated when the minimum point (or saddle

point) is reached within a given accuracy or, optionally, when a maximumnumber

of iterations is exceeded. A measure for the approach to a stationary point is

when the norm of the gradient becomes suÆciently small, that is, when a point

x
k
is obtained with

krf(x
k
)k � � ; (5.4)

where � is a small positive scalar. If the solution is to be determined to machine

accuracy in double precision, the iterations are terminated when � = 10�16, which

means that the average error for each variable is about 10�14. This accuracy is

somewhat extravagant, since the error in the input parameters and the error due

to the truncation in the parameterization of the orbits in equation (3.21) is at

least ten factor of ten larger. But, for some of the optimizing methods, e.g. the

Newton-Raphson method, there is negligible extra computational cost in driving

the solution to machine accuracy; when the accuracy of about 10�3 has been

reached, the method converge to machine accuracy in just a few iterations. For

other optimizing methods with slower convergence, e.g. Steepest Descent, a more

modest accuracy must be accepted in order to avoid impossibly long computing

time.

After the termination of the iterative process, the code continues to calculate

the orbits and physical velocities. In plotting the orbits, we are only interested

in the comoving positions, which are given by (3.21); i.e.

x�
i
(a) = x�

i
(a0) +

N�1X
n=0

C�

i;n
f
n
(a) : (5.5)

The trial functions f
n
(a) can now be calculated at arbitrary times in the expansion

parameter since there now is no need for any numerical integration. 500 equally

spaced points in time were used here, which results in a very smooth curve.

As a test of the validity of the AVP orbits, a conventional N-body code is

often used. Contrary to the AVP, these codes solve initial value problems, where

both the velocity and position of each particle at a given point in time is needed.

The N-body codes then calculate the orbits forward in time. Therefore, to be able

to check the AVP orbits against a N-body program, we need both the position

and velocity at a given time early in each mass tracer's history from the former
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as input to the latter, then in physical coordinates.I (More on N-body codes in

Section 5.2.) The physical positions are given by equation (2.5) and the physical

velocities by equation (2.6).The _a in the latter is either given by equation (3.33)

or (3.34). The peculiar velocity given in the last term on the right hand side of

equation (2.6) requires that the time derivatives of the comoving positions are

determined. By equation (5.5), we have

d x�
i
(t)

dt
=

N�1X
n=0

C�

i;n

d f
n
(a)

dt
=

N�1X
n=0

C�

i;n

d f
n
(a)

da
_a ; (5.6)

which enable us to determine the physical velocity at any given time. The physical

velocities at the current time are of special interest, since they can be compared to

observed radial velocities. For example, the observed value of the radial velocity

of M31 can be used to determine its mass, and thereby determine the mass of all

the other mass tracers in the system, since they are scaled to the mass of M31.

This is one of the two procedures used to determine the mass of the system: the

mass of M31 is adjusted until there is an acceptable �t between the observed and

the predicted radial velocity of M31, which is -123 km s�1 (Peebles, 1989). In

the second procedure, one tries to get an best overall �t between observed and

predicted radial velocities for several mass tracers by adjusting the mass of M31,

using mass tracers that we have acceptably accurate observations of.

In this section, the orbits are intended to be compared with the solutions of

Peebles (1989), which means that the coordinate system has to be rotated, so

that the connecting line between the MW and M31 is aligned with the x-axis.

Hence, both the positions and the velocities are adjusted to this transformed

coordinate system. More on the presentation of the orbits in the next subsection.

After this slight adjustment, the output routine is being reached. Firstly, the

number of iterations and the norm of the gradients � are written to screen. Sec-

ondly, the type of solution arrived at is being determined: minimum, maximum.

or saddle point. This is done by looking at the eigenvalues of the Hessian matrix

at the stationary point: if the eigenvalues are all positive, we have a minimum;

if they are all positive, we have a maximum; and if there are both positive and

negative eigenvalues, we are dealing with a saddle point. The eigenvalues are cal-

culated by using the tred2 and tqli from Press et al. (1996), where the former

reduce the symmetric matrix to a tridiagonal system, while the latter determine

the eigenvalues of such a tridiagonal matrix.

The closing stages of the AVP code has now been reached, were the results are

written to �le: the coeÆcients, the orbits (that is, the positions at 500 points in

time), and the initial values used as input to the N-body code.

IN-body codes can also calculate in comoving coordinates, but the NBODY1 code used here
only considers physical coordinates.
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I close this section by recapitulating the expressions for the action and its

derivative with respect to the coeÆcients C�

i;n
:

A =

Z
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and
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where
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Notice that this is the derivative prior to the integration by parts in equation

(3.24). We also need an expression for the second derivative, used by the Newton-

Raphson optimizing method. Derivation of (5.8) with respect to all the other

coeÆcients C
�

j;m
gives:
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where
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(5.11)



62 CHAPTER 5. ORBITS OF GALAXIES

with x
ij
= x

i
�x

j
, and Æ being the common Kronecker delta. Note the di�erence

between the subscript m and the mass m
i
.

In the equations above, the cuto� length c discussed in Section 3.1 is not

included, but is being used in the calculations of the orbits. The purpose of the

cuto� is to avoid singularities in the gravitational acceleration at zero separation,

and to simulate spherical halos. The cuto�, often also referred to as a softening

parameter, is introduced to the �rst term in equation (5.9) in the following way:

G

a2

X
j

m
j

x�
j
� x�

i

[x2
ij
+ c2]3=2

: (5.12)

The second term in equation (5.7) is being modi�ed in the same manner. In this

thesis the cuto� of Peebles (1990) is adapted; i.e. 3% of the radius R0 given in

equation (3.36). This is a relatively large cuto�, and should allow reasonably

large halos.

5.1.2 Trial Orbits

When developing the AVP code, I compared with work done by others to see

whether I arrived at similar solutions of the equations of motion. It was comfort-

ing to see that I managed to recreate the solutions given by Peebles (1989), which

will be the topic of this subsection. Comparing with earlier work is of course not

enough to con�rm the validity of the solutions|I therefore checked the solutions

using the N-body code, which will be dealt with in Section 5.2.

To be able to fully compare the solutions from the AVP code with those from

Peebles (1989), it is essential to make use of the same conditions and methods.

Peebles used an optimizing method which he referred to as \walking down the

gradient", which is equivalent to the method of Steepest Descent from Section

4.3.II As we have seen, this method will most likely lead to a slow convergence,

so in order to avoid the calculations spending too long computing time, the

IITwo points need to be made: Firstly, due to Peebles not using any conventional name
for the method, it is here assumed that what he refers to as \walking down the gradient"
is in fact the method of Steepest Descent. Secondly, he implements the method somewhat
di�erently from what is done here. The stepsize was multiplied by the mass of the particle
under consideration, i.e. the stepsize term of equation (5.1) becomes mi�k(d

�
i;n)k, where d

�
i;n

in the case of the method of Steepest Descent is the negative gradient of the action (5.8). This
results in the removal of the mass mi in the gradient at each iteration, which in turn simpli�es
the system, giving it a better scaling. The convergence of the method is then considerably
improved. This implementation is not used here though, due to the main point being the
comparison of the numerical methods applied on the same system.
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Table 5.1: Eight galaxies in the LG and the LN. The columns are: (1) common name, (2,3)
celestial coordinates (1950), (4) distance from the Milky Way, (5) mass relative to the mass of
M31, (6) mass when MM31 = 4:08 � 1012M� (cf. Peebles, 1989), and (7) redshift referred to
the centre of the Milky Way (data from Peebles, 1995).

Object � Æ da Mr M b czc

(1) (2) (3) (4) (5) (6) (7)

Local Group

Milky Way { { { 0:7 28:6 {
NGC 6822 295.5 -14.9 0.49 0:025 1:02 33
M 31 10.0 41.0 0.73 1:0 40:8 -123

IC 1613 15.6 1.8 0.72 0:025 1:02 -155
WLM 359.8 -15.8 0.96 0:025 1:02 -64

Local Neighbourhood

Sextans A 152.1 -4.4 1.6 0:025 1:02 172
NGC 3109 150.2 -25.9 1.6 0:1 4:08 203
NGC 300 13.1 -38.0 1.8 0:1 4:08 110

a In Mpc
b In 1011M

�

c In km s�1

iterative process is stopped in due time before machine accuracy is reached. The

termination is set to � = 1:0�10�5, where the coeÆcients on average are accurate

to about the second decimal point, which in turn gives the resulting positions in

about �ve decimal digits accuracy.

Since the only motive here is to get an indication if the AVP does what it is

designed to do, the system with the least number of variables used by Peebles

(1989) was chosen. Hopefully this will save us some computing time. This system

consist of 8 galaxies in the LG and the LN: the MW, M31 and 6 dwarf galaxies,

where the mass of M31 is adjusted to be 4:08 � 1012M�. Detailed properties of

each individual mass tracer is given in Table 5.1, equivalent to Table 1 in Peebles'

paper. Quite a few of these properties have later been modi�ed, but for the sake

of comparison, they will be applied here (and in Section 5.3). The cosmology

is given by 
0 = 1:0 and h = 0:84, and the trial functions used are given in

equation (3.22), with N = 5. The resulting system consists of 120 unknown

variables, which is usually considered as a relatively modest size. The integration

of the action and its �rst derivatives were approximated by 15 points in time

using the Gaussian Quadrature method.

The search for the minima is started at the point C�

i;n
= 0, and continues

in the direction of the negative gradient. The step length is not determined by

linear search, since such a search would include numerous calculations of both

the action and its derivative, and hence spend a long computing time. Instead,
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Figure 5.1: Action trajectories for 8 galaxies in the LG and the LN, plotted in comoving
coordinates. The orbits are projected into the xz-plane, and the labels are placed near the
initial position of the mass tracers. The circle has radius R0 = 2:15 Mpc. Cf. Peebles (1989).

an initial step length is given, which during the iterative process is modi�ed so

that the action is reduced at each iteration. It will be shown later that this rather

crude method is indeed to be preferred over linear searches (Section 5.3).

The calculations con�rm what was indicated in Subsection 4.3.1, that the

Steepest Descent method has initially a very fast convergence, which slows down

as the solution is approached. Driving the norm of the gradient toward 1:0�10�4

goes fairly quickly,� 4 CPU-seconds, while reaching 1:0�10�5 takes a lot longer,

� 80 CPU-seconds. This indicates that we are dealing with a very badly scaled

system. Improvements can be made, which will be discussed in Section 5.3.

The resulting coeÆcients are used to calculate the orbits of each mass tracer

and their respective physical velocities at times a = 0:01 and a0, whereupon

the orbits were plotted using IDL (Interactive Data Language), see Figure 5.1.

Comparing this plot to Figure 1 given by Peebles (1989), should indicate that we

have both arrived at the same solution. The orbits are not just visually similar,
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Table 5.2: Radial velocities for 7 galaxies in the LG and the LN. The columns are: (1)
common name, (2) observed radial velocities based on redshift (data from Peebles, 1995), (3)
radial velocities from AVP, and (4) radial velocities from Peebles (1989, solution 1).

Object cza vAVPrad vP89rad

(1) (2) (3) (4)

NGC 6822 33 -135 -134
M 31 -123 -122 -123
IC 1613 -155 -123 -123
WLM -64 -79 -79
Sextans AB 172 183 180
NGC 3109 203 202 199
NGC 300 110 109 108

a In km s�1

also the present radial velocity matched well with the result given by Peebles, see

Table 5.2. For comparison, the observed radial velocities are also given in Table

5.2, and their values are in good agreement with both Peebles' result and the

solution from AVP. The reason for the rather large discrepancy for the solution of

NGC 6822 is discussed in Section 6.1.

Some details about the presentation of the solutions, as in Figure 5.1, follows.

The orbits are plotted in comoving coordinates, and the circle represents the

radius, R0, of the sphere that would contain the total mass of the mass tracers in

the plot,M
T
, if the mass density was homogeneous (see equation 3.36). The plots

are projections of the solution orbits into the xz-plane in Cartesian coordinates

given in equation (5.3). As mentioned in the previous subsection, the coordinate

system needs to be rotated in order to be able to compare them to those of

Peebles (1989). The rotation results in the x-axis pointing along the line from

the MW to M31 at their current positions, i.e. in the direction � = 10o; Æ = 41o.

The orthogonal y-axis is then at � = 100o; Æ = 0o and the orthogonal z-axis at

� = 190o; Æ = 49o. This rotation is applied throughout this thesis. The labels are

near the initial position at a = 0:01, and the star symbols represent the present

positions of the mass tracers. The �lled circles show the comoving position at

redshift z = 3 and z = 1.

Searches with several di�erent initial values for the coeÆcients has failed to

reveal other solutions than the one presented in Figure 5.1. It will be shown in

Section 5.3 that there indeed are other solutions that gives a stationary action,

it is just that the Steepest Descent fails to locate them.
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5.2 N-body Algorithm

When studying the evolution of particle systems, whereas it be on atomic or

cosmological scale, N-body simulations have proved to be a useful, and powerful,

tool. If the particles can be considered as point masses, and preferably colli-

sionless, such simulations have given very accurate results. The classical N-body

problem simulates the evolution of a system of N bodies, where the force ex-

erted on each body arises due to its interaction with all the other bodies in the

system. N-body algorithms have numerous applications in areas such as molecu-

lar dynamics, plasma physics, and astrophysics. In astrophysics they have been

used to study such diverse topics as planetary formation, star cluster dynamics,

interacting galaxies, and even cosmological modeling.

In an N-body algorithm one calculates the force which acts on one particle

from all the other particles in the system. The simulation proceeds over time-

steps, each time computing the net force on every body, and thereby updating its

position and other attributes. For a system where gravitation is the dominating

force, the basic approach is that starting with the masses, positions and velocities

of N particles at a given time, one can calculate, by numerically solving the

equation of motion, the state of the system at any subsequent time. Doing this,

one can get a good representation of the movements, the trajectories, of these

particles. The main problem with this method, is that there is a limitation to

the value of N due to computer time required to calculate the forces.

When having a relative small number of particles, i.e. N . 104, direct sum-

mation is possible without making use of an impossible amount of CPU time.

The method used is often known as \particle-particle" or PP scheme, where the

force on a particle is calculated by directly summing the inverse square force law

due to all other particles. About N2 operations are required to evaluate the force

on N particles from the other N � 1 particles, and hence the computing time

increases very rapidly with N . Nevertheless, the major cause for long computa-

tion time is the enormous di�erence in time scale from one particle to another,

dependent on the distance between the particles. If particles gets close to each

other, the velocities of the particles change very rapidly, whereupon correspond-

ingly small time-steps is needed to follow their trajectories accurately. If there

is no distinction between the time scales, the orbits of the more slowly varying

particles will then be calculated at equally small, redundant, time-steps. A way

to mend this problem is simply preventing the particles getting too close to each

other by using a softening parameter. The strict 1=r2 force law is then replaced

by a smoothed version, (r2 + c2)�1, where c is the cuto�. Softening, and other

methods, leads to a reduction of the computing time for the PP scheme, but not

enough to make it usable for systems with large number of particles.

A signi�cant gain in N can be obtained by calculating the force acting on a

particle from a potential obtained by solving the Poisson equation on a mesh,

instead of considering each particle individually. The \particle-mesh" or PM
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scheme adopts such an approach. There is an enormous reduction in computing

time using this scheme opposed to the PP scheme, but it is at the cost of resolution

in the evaluation of the force �eld. This scheme is therefore often used for systems

in which the potential only varies at large scales, for example in HDM models.

A third scheme has been developed, namely the \particle-particle-particle-

mesh" or the P3M scheme. This method tries to combine the advantages of both

the PP and PM methods. The basic idea is to split up the interparticle forces

into two parts: a short range, rapidly varying, part due to nearby particles and

a slowly varying part due to more widely separated particles. The PP method

is used to determine the former and the PM scheme the latter; thus, one can

evaluate the short range forces accurately and the long range forces rapidly. Due

to the direct summations of the close range forces, the P3M scheme is slower than

the PM scheme, but faster than the PP scheme. The P3M has been extensively

used in cosmological simulations of CDM models.

5.2.1 Small-N Systems

In the study of the LG, the number of particles is well within the limit of the PP

method, but as seen in the previous section, this method is rather slow. Apart

from the softening parameter, are there any other ways to speed things up?

Aarseth (1963) proposed a method known as the individual time-step scheme.

The idea is that each particle is treated separately in the integration. The only

coupling occurs at the time when the force on a particle is calculated. Also, the

assignment of a time-step to each particle avoids the calculation of the force on

every particle when only the recalculation of the force on a particular particle

is required. This is especially important during close encounters when the force

on a particle is changing very quickly and, hence, necessitates recalculation at

much higher frequency than for the rest of the system. An improvement to this

scheme has been made, called \double individual" time-steps. One then divide

the force acting on a particle into two parts: one slowly varying part due to

the \distant" particles, and a more rapid varying part due to particles in the

immediate neighbourhood. This modi�cation to the individual time-step scheme

has not been adapted into Sverre Aarseth's N-body code NBODY1, which I will

make use of, and will therefore not be discussed any further.

The basic idea of the method used in NBODY1, is that one calculates the force

acting on a particle at a given time t by extrapolating from the forces, and its

derivatives, calculated at earlier times. The particles will be assigned with two

types of coordinates: a primary and a secondary, r0 and r
t
. The secondary,

evaluated at t, will be extrapolated from the primary, evaluated at t0. The same

procedure is used for the velocities. The method of extrapolation used in this

case is the Divided Di�erence Polynomial method.

Let us now take a closer look at this scheme (Aarseth, 1985; Ahmad and

Cohen, 1973). Mathematically, the N-body gravitational problem used in NBODY1
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involves the solution of N second-order di�erential equations,

d2r
i

dt2
= �

NX
i6=j

G
m

j
(r

i
� r

j
)

jr
i
� r

j
j3 i = 0; 1; : : : ; N : (5.13)

The summation is over all particles of mass m
j
and coordinates r

j
. This equation

is only valid when the system in consideration is purely gravitational; i.e. that

all other forces than gravitation can be ignored. To be able to compare NBODY1

to AVP, we need to modify this picture somewhat. In AVP, the cosmological

constant play a major role for certain cosmological models, and has therefore

a substantial e�ect on the orbits of galaxies in these models. This means that

we have to introduce � to NBODY1. From the Poisson equation for a pressureless

universe with a non-negligible cosmological constant, equation (3.17), we see that

the modi�ed version of equation (5.13) has to be

d2r
i

dt2
= �

NX
i6=j

G
m

j
(r

i
� r

j
)

jr
i
� r

j
j3 +

�

3
r
i

i = 0; 1; : : : ; N : (5.14)

The cosmological constant �, or rather �r
i
=3, can be looked upon as a cosmic

repulsive force, which counter the attractive gravitational force. Notice that

equation (5.14) is the physical version of the Lagrangian in equation (3.20) solved

in the AVP. The di�erence between AVP and N-body is therefore the way that

these equations of motion are solved.

To avoid singularities as the mutual separation r
ij
! 0, thereby making

the numerical solution well behaved, and to reduce the computing time (see

previous section), one can introduce a softening parameter c. Equation (5.14)

then becomes

d2r
i

dt2
= �

NX
i6=j

G
m

j
(r

i
� r

j
)

jr2
ij
+ c2j3=2 +

�

3
r
i

i = 0; 1; : : : ; N (5.15)

where r
ij
= r

i
� r

j
.

To evolve the positions and the velocities for a particle from t0 to t, a Taylor

series up to the fourth order in the force derivative is used:

r(t) = r(t0) + v(t0)(t� t0) +
1

2

F(t0)

m
(t� t0)

2 +

4X
k=1

F(k)(t0)(t� t0)
k+2

m(k + 2)!
(5.16)
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v(t) = v(t0) +
F(t0)

m
(t� t0) +

4X
k=1

F(k)(t0)

m

(t� t0)
k+1

(k + 1)!
; (5.17)

where F(k)(t0) is the k
th derivative of the force with respect to time, evaluated

at time t0. The force is determined by extrapolating it from the values of F at

four successive past epochs t3; t2; t2, and t0, where t0 is the most recent. The

fourth-order force polynomial is de�ned as

F
t
=
��
(D4(t� t3) +D3)(t� t2) +D2

�
(t� t1) +D1

�
(t� t0) + F0 : (5.18)

The three �rst divided di�erences are de�ned as (in compact notation)

Dk[t0; tk] =
Dk�1[t0; tk�1]�Dk�1[t1; tk]

t0 � t
k

; k = 1; 2; 3; (5.19)

where D0 = F and the square brackets refer to the appropriate time intervals.

The termD4 is de�ned similarly byD3[t; t2] andD
3[t0; t3].

III The force derivatives

in terms of the divided di�erences are obtained by derivation of equation (5.18)

at successive times and by setting t = t0. It should be noted that at t0, the fourth

di�erence can not be determined due to it needing the knowledge of the force at

the following time t. Thus, the contribution from D4 is included as an correcting

factor at the end of each integration step. This so-called \semi-iteration" gives

increased accuracy at little extra cost and no extra memory.

5.2.2 The NBODY1 Algorithm

The foregoing method is not self-starting, so a separate initial routine is used

to start the process. From the initial conditions m
i
; r

i
;v

i
, the respective Tay-

lor series derivatives are formed by successive di�erentiation of equation (5.15),

analytically. Having calculated the force and derivatives for each particle, the

divided di�erences to third order and the time-steps are determined, and the

IIIFor more information on the Divided Di�erences method, see Kincaid and Cheney (1996,
Chapter 6.2).



70 CHAPTER 5. ORBITS OF GALAXIES

main program is started with these quantities as if they had been obtained by

the main program itself.

Since each particle is assigned its own time-step, the integration cycle itself

begins by determining the next particle i to be advanced, which is the one with

the minimum time-step. The coordinates and velocities of this particle are then

determined to order F(3) by using equations (5.16) and (5.17), whereupon the

current force may be obtained by direct summation. At this stage, the four past

time epochs are updated to be consistent with the de�nition that t0 denotes the

most recent force evaluation. New di�erences are now formed, including D4.

Together with the new F(4), these correction terms are combined to improve

the current coordinates and velocities to highest order, whereupon the primary

coordinates are initialized by r0 = r
t
.

New time-steps are assigned initially for all particles and at the end of each

integration cycle for particle i. The cycle is then repeated on the particle which

now has the minimum time-step.

In order to be able to compare the N-body orbits with the the AVP solu-

tion, the physical coordinates of the NBODY1 trajectories needs to be transformed

into comoving coordinates. Since each positions in NBODY1 is given at time t,

the expansion parameter at that time has to be determined. This was done by

solving (3.33) for each time t, using the Runge-Kutta method. The code for this

subroutine is given in Appendix B.

5.2.3 N-body Solution of the Trial Orbits

The N-body code, NBODY1, is initialized by input of mass, position, and velocity in

physical coordinates, which are outputs from the AVP code. These initial values

are given at time a = 0:01, i.e. redshift 1 + z = 100, and the N-body code

calculates the orbits forward in time until the current epoch a(t0) = a0.

The N-body solution of the galaxy system in Subsection 5.1.2, is presented in

Figure 5.2, together with the solution from the AVP. The N-body solution is rep-

resented as dotted lines, while the respective AVP solution is given as solid lines.

The di�erence between the action and the N-body orbits is a result of limited ac-

curacy in the computation of the stationary value of the action, especially due to

the truncation of the orbits in equation (3.21). However, the di�erence between

the N-body and action orbits are small, indicating that the action solution is a

useful approximation to the true orbits.

The N-body code will henceforth only be used to test the validity of the action

solutions, discarding the ones that fail the test. The N-body solutions will not

be presented in any other maps in this thesis|all the accepted solutions have

similarly good agreement between the N-body and AVP orbits as in Figure 5.2.
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Figure 5.2: Action trajectories for 8 galaxies in the LG and the LN (solid lines), including
N-body orbits (dotted lines). Cf. Figure 5.1.

5.3 First Evaluation of Optimizing Methods

In Section 4.3, several methods for optimization of n-dimensional functions were

presented, and some of their properties were discussed. One conclusion to be

drawn is that the eÆciency may vary quite considerably from one type of method

to another. For small systems, the methods including the second derivative are

usually thought to be preferred, while the methods only needing the �rst derivate

are usually best suited when the number of variables is large. The reason for

the reluctance of accepting these rather stringent observations from is that the

behavior of an optimizing method is not only dependent on the size of the system,

but also other characteristics, like scaling. In this section, I will therefore apply

all the methods from Section 4.3 to the same, rather small system of only 120

unknown variables. One should expect the optimizing methods of category (3)

from page 39 to be the ones best suitable, but, as the test in this section will

show, this is not necessarily the case.
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The system mentioned, for which the optimizing methods will be tested, is

the same as in Subsection 5.1.2, i.e. the eight galaxies given in Table 5.1. The

motivation for choosing this particular system follows: Firstly, the number of

particles is moderate, reducing the number of variables to be determined, and

thereby keeping the computing time on a reasonable level. Secondly, the system

is thought to be cosmologically young, meaning the galaxies are approaching

each other for the �rst time (with the possible exception of NGC 6822 (Peebles,

1990)). This assures the crossing time to be less than the Hubble time, reducing

the possibility of a multivalued solution. This is also the reason for not considering

galaxies closer than � 0:5 Mpc to the MW/M31 pair, which, most probably, are

gravitationally bound to either of these two galaxies. Finally, the system has

been thoroughly studied before, e.g. by Peebles (1989, 1990), thereby presenting

us with the characteristics of the solutions.

The choice of cosmology for this system will also be the same as in Subsection

5.1.2: 
0 = 1:0 and h = 0:84, whereupon the same mass of M31 isM
M31 = 4:08�

1012M�. There is no other motivation for choosing this particular cosmology

other than for the sake of comparison with the results of Peebles (1989) and

Subsection 5.1.2.

The system of mass tracers may be the same, but there is one small, but

yet distinctive di�erence, which will not a�ect the solutions, but most likely the

convergence to these solutions. This di�erence lies in the choice of trial functions.

In Subsection 5.1.2 and in Peebles (1989), the trial functions in equation (3.22)

were applied, while the Bernoulli series from (3.23) will be used here. The change

introduced by the more complex Bernoulli series is that the scaling of the system

is considerably improved. A way to visualize this is to make use of the condition

number cond(H)IV of the Hessian matrix at the solution point, which is a measure

for the quality of the scaling. For a system to be characterized as well scaled,

this number has to be in the immediate neighbourhood of unity. Even with a

value of � 100, for which the matrix is not particularly ill-conditioned, the rate

of convergence can be extremely slow. The condition number for the system

treated in Subsection 5.1.2, using the trial functions from (3.22), was as large

as � 106|the slow convergence in that system could therefore be anticipated.

A considerable improvement in convergence can be expected when applying the

Bernoulli series 3.22) which reduces the condition number to about � 103. As we

shall see in the case of the Steepest Descent method, this is indeed the case. The

number of trial functions will be the same as in Subsection 5.1.2, namely N = 5.

The evaluation of the optimizing methods for the type of problems treated in

this thesis is based on a number of criteria, the most important being speed. The

method's ability to drive the action to a stationary point as e�ectively as possible

is essential to the AVP, at least when treating large systems of mass tracers; i.e.

IVThe condition number is the ratio between the maximum and the minimum eigenvalue of
the Hessian. More on this in, for example, Gill et al. (1981); Bertsekas (1995).
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20 and more. Therefore, the methods are timed, using the CPU-time. Another

point of comparison is accuracy. For small numbers of N in the parameterization

of the orbits in equation (3.21), the accuracy is initially poor and it is therefore

unnecessary to drive the solution to high accuracy. However, if the truncation is

relatively small, say N > 20, the stationary values have to be determined to a

comparative accuracy; i.e. if not as far as machine accuracy, at least close to it.

Therefore, the testing also includes a check of the method's ability to locate the

solution to high accuracy. The termination time is set to be � = 10�10, giving

an accuracy in the positions to at least the eighth decimal digit, which is quite

excessive when the truncation in the orbits (3.21) is as large as it is here (N = 5).

In comparison, the machine accuracy for the choice of variables in equation (5.3)

is � � 10�16.

The last criterion, but not necessarily the least important, is the method's

ability to locate di�erent stationary values. Peebles (1990) showed that the

Newton-Raphson method is capable of �nding saddle points that are valid so-

lutions to the equations of motion. To test the method's capability of �nding

di�erent solutions for di�erent starting points, each method was run for 100

di�erent starting points, equally spaced between 0 and 10. Running the same

program such a large number of times also gives the opportunity to get an average

value for the computing time spent by the methods in reaching the solutions to

given accuracy.

The results of the tests are given in Table 5.3. A description of the pre-

sentation follows. In Section 5.1, it was seen that optimization methods may

have di�erent implementations, e.g. di�erent stepsize algorithms, all of which

will be under trial. The type of optimizing method and the type of method for

the determination of the stepsize will be given in column (1) and (2) in Table

5.3, respectively. In the remaining columns, the following are given: (3) a rough

average of the number of iterations for the 100 di�erent runs, (4) the time spent

for the average value of iterations in column (3), (5) an estimate of the number

of iterations per second in CPU-time, and, �nally, (6) the number and type of

allowed solutions found.

Let us now get to the actual testing, which, hopefully, will enable us to deter-

mine which optimizing methods is the most eÆcient for the rather small system

considered in this section. A description of the test of each method with all the

di�erent implementations follows:

Method of Steepest Descent

As seen in Subsection 4.3.1, the Steepest Descent method is a very simple and

stable method, but has a major drawback in having slow convergence|for a well

scaled system its convergence is at best linear. We saw in Subsection 5.1.2 that

the convergence indeed was slow, especially when applied to the rather poorly
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scaled systems considered there. As seen earlier in this section, the application of

the Bernoulli series (3.23) gives improved scaling, which, as we shall see shortly,

results in a considerably faster convergence of the Steepest Descent method. An-

other part of the scheme that is important for the convergence, is the use of a

stepsize determiner. As seen in Subsection 4.3.1, one has the choice between a

linear search and a method where the stepsize is solely being determined by the

criterion that the action is to decrease at each iteration. (The latter method will

henceforth be referred to as the the \crude" stepsize determiner.) Both methods

have been tried here.

The application of the Bernoulli shaped trial functions resulted in a substan-

tial reduction in computing time. While the Steepest Descent method using the

trial function in (3.22) spent � 80 seconds CPU-time in determining the solution

to an accuracy of � 10�5 in Subsection 5.1.2, using the Bernoulli trial functions

located the solution in � 14 CPU-seconds on an average over the 100 di�erent

runs, then to an accuracy of � 10�10 (both using the crude stepsize determiner).

There was little sign of the slowing down of the convergence as observed in Sub-

section 5.1.2.

The results of the test of the Steepest Descent are given in Table 5.3. It is

worth noting that the use of linear searches does not result in any considerable

faster convergence, opposed to the crude variant. The reduction of the number

of iterations is not large enough to compensate for the computational cost of the

linear searches. The resulting computing time is about three times larger than

for the implementation using the crude stepsize determiner.

The search for di�erent solutions was unsuccessful; only one solution, a min-

imum point, was located.

Method of Conjugate Gradients

The Conjugate Gradients method is, as shown in Subsection 4.3.2, generally

known to have better convergence than the method of Steepest Descent, mainly

due to more e�ective search directions. These directions are here either deter-

mined by the Fletcher-Reeves or the Polak-Ribi�ere formula.

One of the problems with the Conjugate Gradients method is, as seen in

Subsection 4.3.2, the possible loss of conjugacy during the iterations, the reason

being roundo� errors, inaccurate linear searches, and the non-quadratic terms

of the action. The problem with roundo� errors is tried mended by scaling

the parameters as presented in equation (5.3), and by doing the calculations in

double precision. But, as seen earlier, the condition number of the Hessian is still

relatively large. We therefore have to expect a certain loss of conjugacy due to

bad scaling.

The loss of conjugacy through linear searches is a problem that in theory can

be avoided, but which in practise is inevitable. By using accurate linear searches,



5.3. FIRST EVALUATION OF OPTIMIZING METHODS 75

Table 5.3: Comparison of the di�ernt optimizing methods for an eight-galaxy system, with
120 variables, and termination set at � = 1:0�10�10. The columns are: (1) method, (2) stepsize
algorithm, (3) average number of iterations for 100 di�erent runs, (4) CPU-time in seconds used
for the average value in column (3), (5) iterations per seconds in CPU-time, and (6) types of
solutions located by the method.

Method Stepsize It Ta (It/T)b Solutions
(1) (2) (3) (4) (5) (6)

Steepest Descent crude 27233 13.90 1959 1 min.
Steepest Descent secant 24155 43.30 558 1 min.
Conjugate Gradients (FR) secant 436 0.95 459 1 min.
Conjugate Gradients (PR) secant 449 0.97 463 1 min.
Newton-Raphson crude 40 1.17 34 3 min., 4 sad.
Newton-Raphson backtrack 68 2.28 30 3 min., 5 sad.
Newton-Raphson secant 23 0.82 28 3 min., 4 sad.
Secant (BFGS) backtrack 216 0.45 408 3 min.

Secant (BFGS) secant 123 0.48 256 2 min.
Secant (DFP) backtrack 2258 4.28 527 3 min.
Secant (DFP) secant 125 0.48 260 2 min.
Hybrid secant 29 0.88 33 3 min., 4 sad.

a In s CPU-time
b In s�1 CPU-time

the conjugacy will be preserved from one iteration to another, but, unfortunately,

such accurate linear searches do not exist for non-quadratic functions. The linear

searches are then iterative, and the determination of the stepsize accurate enough

to avoid loss o� conjugacy would involve several evaluations of the function and

its �rst derivative at each iteration. Hence, demanding too high accuracy in the

determination of the stepsize can take up more computing time than what is

gained by keeping the directional vectors conjugate. In other words, eÆciency of

the Conjugate Gradients method is a tradeo� between the accuracy of the linear

searches and their computing time.

There are methods for handling the loss of conjugacy, making sure that the

Conjugate Gradients method converges, and preferably, converges fast. One way

of doing this is by restarting the iterative process. I have tried a couple of restart-

ing schemes, such as restarting with a Steepest Descent step after n iterations (n

denoting the number of variables) since the preceding restart has taken place, or

by restarting when the following inequality fails (Bertsekas, 1995):
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where  is a �xed scalar with 0 <  < 1. Equation (5.20) is a test of conju-

gacy; if the generated directions were conjugate, one would have (@A=C�

i;n
)
k
�

(@A=C�

i;n
)
k�1 = 0.

The results of both using the Fletcher-Reeves and Polak-Ribi�ere are given in

Table 5.3, \FP" denoting the former and \PR" the latter. The secant method

for the determination of the steplength was used in both cases. The di�erence in

eÆciency between the two methods is not great, the Polak-Ribi�ere being some-

what slower than the Fletcher-Reeves formula. Based on the treatment in Sec-

tion 4.3.2, this is somewhat unexpected. The Polak-Ribi�ere has the ability to

restart the iterative process when the directional vector is almost orthogonal

to the gradient, the new direction being the direction of steepest descent, and

should therefore have an advantage over the Fletcher-Reeves formula, which does

not have this quality. But, by using the restarting scheme discussed above, the

Fletcher-Reeves formula has been given a similar characteristic. The reason why

the restarting scheme in equation (5.20) works better than the scheme incorpo-

rated in the Polak-Ribi�ere formula is that the latter only restarts the iterative

process when the directions are close to being non-conjugate, while with (5.20)

on has the opportunity to restart the process before this occurs. The restarting

scheme in (5.20) has therefore also been applied to the Polak-Ribi�ere formula, and

has improved the performance of this formula as well, but, as seen in Table 5.3,

not enough to fully be comparable to the Fletcher-Reeves formula. The optimal

value of  was found to be � 0:01.

Restarting after n iterations did not improve the convergence, on the contrary,

in some cases it resulted in an increase in the number of iterations. This restarting

scheme is therefore henceforth omitted.

Only one solution was located, it being a minimum point, the same solution

that was found by the method of Steepest Descent.

The Newton-Raphson Method

The Newton-Raphson method is, as seen in Subsection 4.3.3, arguably the

most complex of the optimizing methods, but also the one with the fastest con-

vergence. Although it is both elaborate to calculate and to handle, the second

derivative will provide the extra information on the action needed to locate the

stationary values in an e�ective way.

For non-quadratic and non-linear functions, the rapid convergence of the

Newton-Raphson method may be hindered by roundo� errors, non-quadratic

terms, and a badly chosen starting point. As discussed in Subsection 4.3.3, this

convergence problem can be mended by either using linear searches, backtrack-

ing, or a �xed value for the stepsize factor. Linear searches are generally found

to be too computationally costly to give any gain in eÆciency, but, will not be
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discarded before tested on the system treated here.

Backtracking, on the other hand, is usually known to be the best choice of

stepsize determiner. The criterion for accepting the step length is (Dennis and

Schnabel, 1983)

A
k+1 � A

k
+ �

@A

@C�

i;n

d�
i;n
; (5.21)

d�
i;n

being the direction of search. The parameter � is usually chosen close to

zero, and in order to avoid the step size becoming too small, a cuto� of �
min

is

used. The subroutine used for the backtracking, lnsrch, is given by Press et al.

(1996).

Peebles (1994) used a di�erent method in assuring the convergence of the

Newton-Raphson method. He applied a �xed stepsize, which, initially is about

0.1, and approach unity suÆciently close to the solution, allowing the full Newton

step. The stepsizes for di�erent values of krf(x
k
)k used here are

� = 0:3 for krf(x
k
)k > 10:0 ;

1:0 for krf(x
k
)k � 10:0 : (5.22)

This choice is not necessarily the optimal one when it comes to speed, but it does

not ignore some of the stationary values which other choices may do. Giving the

limit of the full Newton-step a value that is too small may result in the method

only being able to locate one minimum point, while, on the other hand, by using

a value that is too large will result in a multitude of solutions and excessive

computing time.

The linear system equivalent to equation (4.18) is solved at each iteration

by either Cholesky factorization or LU-factorization, depending on the Hessian

matrix being positive or non-positive de�nite, respectively. The routines choldc,

cholsl, ludcmp and lubksb given by Press et al. (1996) were used.

A point made in Subsection 4.3.3 was that a non-positive de�nite Hessian

matrix may lead to stationary solutions other than minimum points. As men-

tioned, Peebles (1990) showed that not only minimum points are valid solutions

to the equations of motion; the saddle points were just as physically possible.

Therefore, there are no constraint on the Hessian matrix being positive de�nite

in this treatment. The validity of the di�erent solutions are tested by the N-body

code.

The results of the tests for the di�erent stepsize algorithms are given in Table

5.3. (\Crude" denotes, as before, the �xed stepsize method.) Surprisingly, the

implementation using linear searches is the most eÆcient, using the the least
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(a) (b)

(c) (d)

Figure 5.3: Di�erent types of solutions for 8 galaxies in the LG and the LN. (a) and (b) are
minimum points, (c) is a saddle point and (d) is the orbits in a bad solution.

amount of iterations and spends the least amount of computing time. This may

change for larger systems though, when the computations in the linear searches

become more costly.

It should also be noted that the convergence is, as could be expected form

theory, very fast close to the solution. Only a couple of iterations are needed

to reduce the error from � � 10�5 to � � 10�10. For some of the solutions,

the accuracy reached is as good as � 10�14 even though the process is being
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terminated when the inequality in equation (5.4) is ful�lled. In other words, the

accuracy can improve by as much as four factors of ten in one iteration close to

the solutions. This is one of the more redeeming features of the Newton-Raphson

method.

Several di�erent solutions were located, both minima and saddle points. No

maxima. Also, there where quite a few bad solutions; meaning they neither looks

physically possible nor corresponds to the N-body orbits. The typical behavior

of the orbits of these bad solutions is that some of the dwarf galaxies have short

crossing time, and that some of the orbits seem to oscillate close to the present

time. The search with backtracking encountered 26 di�erent bad solutions, linear

searches 3, and the crude stepsize algorithm only one. Examples of the di�erent

solutions, including a bad one, are given in Figure 5.3. Notice that the only

di�erence between the three minimum points (Figure 5.1, 5.3(a), and 5.3(b)), is

the orbits of some of the dwarf galaxies|the orbits of the two larger galaxies

are barley changed. The saddle points have similar small deviations. Since the

Newton-Raphson method is known to locate any type of solution, one can, as

an initial guess, say that this eight galaxy system most probably has only three

minimum points and at least �ve saddle points. A more extensive search would

probably reveal more saddle points, but the number of minimum points would

most likely stay the same.

The Secant Method

The Secant method has similarities to both the Conjugate Gradient method

and the Newton-Raphson method. One could therefore expect it to have globally

convergence, which, close to the solution is fast, preferably quadratic. This is

not completely so. The method is globally convergent for the update formulas

sustaining the positive de�niteness of the Hessian at each iteration, but the con-

vergence is rarely comparable to the Newton-Raphson method. The reason for

this is that the buildup of the Hessian matrix for non-quadratic systems is not

forced to be complete until an in�nite number of iterations has been completed.

Both the DFP and the BFGS updating formulas were tried, and the initial

guess of the Hessian matrix should then be positive de�nite. A common choice

is H0 = I, where I is the identity matrix, resulting in the initial step being in

the steepest-descent direction. But, a problem with doing this, is that there is

no consideration of the scale of the action. Therefore, a better choice would be

(Dennis and Schnabel, 1983)

B0 = jA((C�

i;n
)0)j � I ; (5.23)
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which has been applied here.

As mentioned earlier, the convergence of the Secant method should be ex-

pected to be slower than for the Newton-Raphson method. The results in Table

5.3 con�rms this, the number of iterations being larger for the Secant method.

But, since there is no calculation of the second derivative, each iteration spends

considerably less computing time. The Secant method therefore manage to take

us to the solutions quicker than the Newton-Raphson method.

The di�erence in performance between the DFP and the BFGS updating

formulas is very small when using linear searches, but is substantial when using

backtracking: the DFP spending about ten times the iteration spent by BFGS

implementation. The reason for this is that the performance of the DFP formula

is very dependent on the stepsize being optimal, if not the conjugacy may be lost.

Backtracking gives only a rough estimate of the stepsize.

It is con�rmed here, what was stated in Subsection 4.3.4: the Secant method

is only able to locate minima. But, for some reason, by using the linear search,

only two minimum points were found, while using backtracking revealed three. I

can not see any reason why using the linear search should fail to locate the third

minimum point. A more extensive search may be able to reveal it.

A Hybrid Method

A hybrid of the two methods Steepest Descent and Newton-Raphson has also

been tested, henceforth referred to as the Hybrid method. The reason for this is

to test whether there is any gain in trying to combine the fast initial convergence

of the Steepest Descent and the quadratic convergence of the Newton-Raphson

method close to the solution. The implementation of each of these two methods

which were found to work best for this Hybrid method, were the ones with linear

searches.

The process is initiated by taking a step in the direction of steepest descent.

In the following iterations the convergence of the Steepest Descent is tested, and

when exhausted, the Newton-Raphson method takes over. This switch occurs

when the following inequality fails:
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The Hybrid method again returns to the Steepest Descent if this inequality later

should be ful�lled. The value of  was determined by trial and error to be 0:05,

resulting in a rapid convergence, and the revelation of several di�erent solutions.

There are other choices for  that may improve the convergence even more, but
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then at the cost of the method's ability to locate di�erent solutions. A total

number of seven solutions were located, nine of them being bad ones. The results

is given in Table 5.3. �

The test results in Table 5.3 for the optimization methods tried here are by

no means conclusive, at least not when it comes to deciding which method is

best in locating stationary values of the action. A test based on a larger and

more realistic system will therefore be needed. In the next section, the methods

that passed the test here will be tested on a system of 22 mass tracers in the LG

and LN, the resulting number of variables being 660. Even though the test in

this section has not given us a preferable method, it has at least excluded some

of the implementations of some of the methods. I close this section by passing

judgments on some of these implementations.

The method of Steepest Descent has shown itself to be as slow and ineÆcient

as could be expected from the presentation in Subsection 4.3.1, at least when

dealing with such a relatively bad-scaled system as the one considered here. The

scaling of the system, and thereby the convergence, was greatly improved when

going from using the trial functions in equation (3.22) to the Bernoulli distribution

in (3.23), but it was not enough to make the method work satisfactory. Still, the

method will not be discarded just yet|the speed of the method, especially when

using the crude stepsize algorithm, can prove to be useful when dealing with larger

systems. As seen in Table 5.3, the crude Steepest Descent method is superior

to all the other methods when it comes to number of iterations per second of

CPU-time, mostly due to it only needing the calculation of the �rst derivative at

each iteration. The implementation using linear searches, on the other hand, has

proven to be the least eÆcient optimizing method tried here. Its slow convergence

is not being compensated by rapid iterations in the same acceptable manner as

with the crude stepsize determiner. The method of Steepest Descent using linear

searches will therefore not be considered in the remaining part of this thesis.

The Conjugate Gradients method was able to locate the solutions considerably

faster than the method of Steepest Descent, which could be expected from the

theoretical presentation in Subsection 4.3.2. Even though each iteration spent

somewhat longer CPU-time than in the method of Steepest Descent, it spent

a factor of �fty fewer iterations in locating the solutions. This resulted in the

Conjugate Gradients method spending less than a 10th of the time spent by the

method of Steepest Descent in �nding the optimized action.

By comparing the two di�erent implementations of the Conjugate Gradients

method in Table 5.3, there seem to be no reason in preferring one of the updating

formulas over the other. The Fletcher-Reeves formula seem to be a somewhat

better choice, but, with the general view from literature that Polak-Ribi�ere is to

be preferred for non-quadratic functions (e.g. Press et al., 1992; Bertsekas, 1995)

in mind, it will not be given the �nal judgment before it has been submitted to
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further tests.

The Newton-Raphson method was, as could be expected, a very eÆcient

optimizing method, at least for the relatively small system considered in this

section. The convergence was very rapid, and the number of di�erent solutions

was large. Also, due to the very rapid convergence close to the solution, one is

able to increase the accuracy of the solution considerably by only extending the

search for a few more iterations. A minus with the method is, as discussed earlier,

that each iteration is very slow due to the calculation and handling of the second

derivative. This drawback will become substantial for large systems, so the �nal

judgment on the method has to await the test in the next section.

The large number of solutions found by the Newton-Raphson method may be

proven to be a double-edged sword. When locating several di�erent minimum

points and saddle points, it also frequently ends up at bad solutions. This is

especially a problem while using the backtrack stepsize determiner. Therefore, it

may be favorable to sacri�ce the number of saddle points for fewer bad solutions

by using the linear searches.

The Secant method proved to have somewhat slower convergence compared

to the Newton-Raphson method. But, due to it not needing the calculation and

inversion of the second derivative matrix, it spends less computing time. The

choice between these two methods should therefore be obvious, but, since saddle

points may be just as good solutions as the minima, the Newton-Raphson method

still holds an advantage. But, if one is only interested in minimum points, the

Secant method is probably the best choice of optimizer of all the methods tested

here, with the possible exception of the Hybrid method. The only problem may

be storage for systems with a very large number of variables|the Conjugate

Gradients method or the Steepest Descent method may then be preferable.

Of the two updating formulas tested, DFP and BFGS, the latter was chosen

for later use. This decision was based on three points: (i) the extremely slow

convergence of the DFP formula using the backtracking determiner, (ii) there

being no di�erence in convergence when using linear searches, and (iii) the general

acceptance in literature of the BFGS over the DFP (e.g. Press et al., 1992; Dennis

and Schnabel, 1983; Gill et al., 1981).

At last we have the Hybrid method, using the Steepest Descent initially, later

ending up at the solution by the quadratic convergence of the Newton-Raphson

method. This method proved to be one of the faster methods tested, and at

the same time being able to locate the three minima, three saddle points, and an

acceptable small number of bad solutions. This method may very well be the best

choice of optimizing method. But, as with the Newton-Raphson method, it may

be too computationally costly for a system with a large number of dimensions.

As seen, there are quite a few indications of which optimizing method is the

best for the type, and the size, of system treated here. But, the picture may very

well change when tested on a much larger system. Such a system will therefore

be considered next.
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5.4 Orbits of Galaxies in the LG and the LN

In this section mainly two issues will be discussed, namely an extension of the

evaluation of the optimizing methods from Section 5.3 to a considerably larger

number of dimensions, and a brief physical interpretation of the solutions, in-

cluding a slight alteration of the input data to get an improved �t between the

observed and predicted radial velocities. But �rst, a presentation of the system

of galaxies, the preferred cosmology, and some numerical parameters.

5.4.1 The System Parameters

The system of mass tracers applied in this section is given in Table 5.4. The

system is based on the one used by Peebles (1996), with the following exceptions.

Dwarf galaxies closer to the MW/M31 galaxy pair than 500 kpc are not consid-

ered due to the considerable increase in non-linear behavior. This results in the

omission of Fornax, Leo I, and Leo II compared with Table 1 in Peebles' paper.

The number of LG galaxies is then �ve, assuming the membership criteria to the

LG proposed by van den Bergh (1994).

In the outer fringes of the LG, i.e. the LN, there have in the last few years

been discoveries of galaxies of rather substantial sizes, which, most probably, had

an e�ect on the dynamical evolution of our immediate galactic neighbourhood.

Two of these \new" galaxies have been included here: Antlia and Dwingeloo 1.

Antlia was discovered as a galaxy by Whiting et al. (1997), after an inspection

of the UK Schmidt Telescope plates covering the entire southern sky. A closer

observation by these authors revealed the galaxy completely, resolving it into

stars. This dwarf spheroidal is positioned close to NGC 3109, at least going by

the projection on the sky. The distance estimate given by Aparicio et al. (1997),

1.32 Mpc, indicates that Antlia may not only be visually close to NGC 3109, but

even gravitationally bound to it. The reason for including the Antlia in these

calculations is precisely to try to determine the relationship between these two

dwarf galaxies. Antlia will most probably have no e�ect on the evolution of the

rest of the galaxies in the system due to its small size, with the possible exception

of NGC 3109. But, on the other hand, the inclusion of a galaxy that is so close

to another mass tracer, may result in an increase of possible solutions for the

system. This, and the possible companionship between the Antlia and the NGC

3109 galaxy, will be discussed in Subsection 5.4.3.

Dwingeloo 1 (Dw1 hereafter) may, contrary to the Antlia galaxy, very well

had a substantial inuence on the dynamical evolution of the LG and the LN. It

was discovered independently by Kraan-Korteweg et al. (1994) and
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Table 5.4: A system of 22 galaxies in the the LG and the LN. The columns are: (1) name,
(2,3) galactic coordinates (1950), (4) distance from the MW, (5) mass relative to the mass of
M31, (6) mass when the mass of M31 is 2:8� 1012M�, (7) observed radial velocities referred
to the MW, (8) radial velocities given by one solution to the AVP given in Figure 5.4(a) and
5.5(a), and (9) adjusted distances from the MW (Subsection 5.4.3).

Object � Æ da Mr M b czc vcm dam
(1) (2) (3) (4) (5) (6) (7) (8) (9)

Local Group

Milky Way { { { 0:75 21 { { {
NGC 6822 295.5 -14.9 0:52 0:02 0:56 33 46 0:52

M 31 10.0 41.0 0:75 1 28 -123 -118 0:75
IC 1613 15.6 1.8 0:77 0:01 0:28 -155 -84 0:77
WLM 359.8 -15.8 0:95 0:005 0:14 -64 -35 0:95

Local Neighbourhood

NGC 3109 150.2 -25.9 1:26 0:02 0:56 203 35 1:26
Antlia 150.3 -27.1 1:32 0:005 0:14 149 44 1:32
Sextans AB 150.6 0.6 1:43 0:01 0:28 172 33 1:43
IC 342 55.5 67.9 1:8 0:5 14 176 51 3:0
NGC 300 13.1 -38.0 2:1 0:2 5:6 98 116 2:1
NGC 55 3.1 -39.5 2:1 0:7 20 94 48 2:1
NGC 247 11.2 -21.0 2:5 0:1 2:8 176 121 2:8
NGC 253 11.3 -25.6 2:6 0:5 14 251 7 4:0
Dwingeloo 1 43.3 58.7 3 0:5 14 258 102 4:8
NGC 7793 358.8 -32.9 3:4 0:2 5:6 230 96 4:0
Ma�ei 1 38.2 59.4 3:5 0:5 14 168 59 3:5
M 81 148.0 69.0 3:5 1:0 28 200 188 3:5
Centaurus 201.0 -43.0 3:5 1:5 42 380 330 4:0
NGC 45 2.9 -23.5 4:4 0:1 2:8 471 182 6:8
NGC 5236 203.0 -29.6 4:5 0:5 14 380 368 4:8
CVn I 190.0 40.0 4:5 0:5 14 300 355 4:5
M 101 210.4 54.6 7:2 0:9 25 370 570 6:0

a In Mpc
b In 1011M�

c In km s�1

Huchtmeier et al. (1995, referred to as Cas 2) in the zone of avoidance (ZOA); i.e.

behind the disk of the MW. Apart from the celestial coordinates, little de�nite

is known about this galaxy. It is thought to be a rather large barred spiral at a

distance roughly estimated to be 3 � 1 Mpc (Phillips and Davies, 1997), which

most likely makes it a member of the IC 342/Ma�ei group. The size of the galaxy

is probably comparable to Ma�ei 1 and IC 342|these three galaxies are therefore

here given the same mass, namelyM
M31=2. Several other galaxies have later been

discovered in the ZOA, but are of such insigni�cant size that they will not be

considered here.
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The system has, compared to Peebles (1996), not only been extended by re-

cently discovered galaxies. In order to get a substantial number of dimensions to

test the optimizing methods for, the system was also enlarged by �ve previously

well known mass tracers. The Sculptor group was broken up into separate galax-

ies, NGC 253, NGC 247, and NGC 7793; and the NGC 45 galaxy was added

together with the NGC 5326 and M101 groups. The distance to the Sculptor

galaxies and NGC 45 were taken from the paper by Puche and Carignan (1988),

while the distance to the M101 and NGC 5326 group, or rather, the distance to

NGC 5326 itself, were taken from the papers by Stetson et al. (1998) and Schmidt

et al. (1994), respectively. The complete set of distances to the mass tracers is

given in column (4) of Table 5.4.

The radial velocities of most of these additional galaxies and groups are taken

from the publications by Karachentsev (1996) and Karachentsev and Makarov

(1996), where the groups M101 and NGC 5326 are given a collective ow based

on the radial velocity of their constituents. Karachentsev and Makarov (1996)

gave the radial velocities in the heliocentric reference system, and we therefore

have to correct for the rotation of our galaxy, using the following formula:

V = V� + 232 sin l cos b+ 9 cos l cos b+ 7 sin b ; (5.25)

(cf. equation (8) in Karachentsev (1996)). NGC 7793 and NGC 45 were not

included by either Karachentsev (1996) or Karachentsev and Makarov (1996), so

the radial velocities given by Puche and Carignan (1988) were used. The radial

velocities are given in column (7) of Table 5.4.

The masses of the Sculptor galaxies and NGC 45 were determined by com-

paring the mass given to the Sculptor group by Peebles (1996) with their relative

masses given by Puche and Carignan (1988). The masses of the groups M101 and

NGC 5326 were determined in a similar way, by comparing the mass given to the

Centaurus group by Peebles (1996) with the mass given to these two groups by

Karachentsev (1996). The resulting scaled mass estimates are given in column

(5) of Table 5.4.

The mass of the system is determined in a somewhat di�erent manner here

than previously. Rather than determining it from reaching the observed radial

velocity of M31 of -123 km s�1, it is decided by getting the best overall �t of

the resultant model velocities to the observed values for the four neighbouring

galaxies in the LG (Table 5.4). The reason for this is the poor quality of the input

data, especially the rather rough mass and distance estimates of most of the mass

tracers in the LN. An accurate adjustment of the mass to �t the observed radial

velocity of M31 would be at the cost of the accuracy of the radial velocity of the

more distant galaxies. In Subsection 5.4.3, the distances to these outlying galaxies

will be adjusted to get a better �t to the observed radial velocities, but for the

time being, the distances given in column (4) of Table 5.4 applies. With this
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system, the best �t was reached by giving M31 a mass of M
M31 = 2:8� 1012M�.

The resulting mass of each galaxy is given in column (6) of Table 5.4. But, this

mass estimate does not give the best �t for all the di�erent solutions of the action;

it gives best �t on average for several solutions, located from a hundred di�erent

starting points.

Having determined the system of mass tracers, we need to decide on the

cosmological model. As mentioned earlier, AVP is based on the assumption that

galaxies trace mass, which, from dynamical observations clearly puts the density

parameter 
0 well below the Einstein-de Sitter value (Padmanabahn, 1993). The

most common value used in treaties concerning the AVP is 
0 = 0:1, which

also will be applied here. There have been some discussions about this ruling

out of the Einstein-de Sitter model and closed models. Peebles (1990, 1995)

showed that the Einstein-de Sitter model results in the LG being a local void,

which is contradictory to observations. Branchini and Carlberg (1994) and Dunn

and Laamme (1995) on the other hand, argued against this exclusions of the

Einstein-de Sitter universe based on results from CDM N-body simulations. More

on this dispute in the next chapter.

A density parameter being less than unity usually implies that the space

is curved. This can be avoided by having a cosmological constant, making the

universe at. A large cosmological constant, � = 0:9�3H2
0 , has here been preferred

over space curvature, a model which is being supported by recent observations of

high-redshift supernovas by the Supernova Cosmology Project (Perlmutter et al.,

1999).

The next parameter to be determined is the age of the universe, or more

correctly, the Hubble age. Here, as in most of the treaties concerning the AVP,

h = 0:75 has been used, resulting in an age of the model universe of about 17

billion years.

In addition to the enlargement of the mass tracer system in order to get a

large number of dimensions, the number of parameterizations in the orbits (3.21)

was increased to N = 10. The resulting number of unknown coeÆcients is then

660. Other parameters needed by the calculations were chosen as follows: The

cuto� c = 0:03R0, the termination � = 1:0 � 10�10, and the number of abscissas

in the integration (4.3) was n = 15. The trial functions from (3.23) were used.

5.4.2 Extended Evaluation of Optimizing Methods

The evaluation of the optimizing methods is executed in the same manner as in

the Section 5.3; i.e. with 100 di�erent initial values of the coeÆcients equally

spaced between 0 and 10. The results are given in Table 5.5, which is equivalent

to Table 5.3, with the exception of the exclusion of the implementations of some

of the optimizing methods declared not suitable in Section 5.3. Therefore, neither

the Steepest Descent method using the linear search nor the Secant method using

the DFP updating formula will be tested in this section.
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Table 5.5: Comparison of the remaining optimizing methods that past the test in Section 5.3
for a system of 22 galaxies, with 660 variables, and termination set at � = 1:0 � 10�10. The
columns are: (1) method, (2) stepsize determiner, (3) average value of the number of iterations
for 100 di�erent runs, (4) CPU-time in seconds used for the average value in column (3), (5)
iterations per seconds in CPU-time, and (6) types of solutions located by the method.

Method Stepsize It Ta (It/T)b Solutions
(1) (2) (3) (4) (5) (6)

Steepest Descent crude N/A N/A N/A N/A
Conjugate Gradients (FR) secant 21813 231.1 93.98 4 min.
Conjugate Gradients (PR) secant 25572 270.3 94.59 4 min.
Newton-Raphson crude 124 521.3 0.24 14 min., 7 sad.
Newton-Raphson backtrack 316 1343.3 0.24 1 min.
Newton-Raphson secant 69 297.3 0.23 3 min., 6 sad.
Secant (BFGS) backtrack 6456 737.1 8.76 32 min.
Secant (BFGS) secant 832 98.8 8.42 3 min.
Hybrid secant 1085 177.8 12.32 22 min., 18 sad.

a In s CPU-time
b In s�1 CPU-time

The method of Steepest Descent showed in Section 5.3 signs of being a very

poor optimizing method, at least when applied to the AVP. As expected from

theory (see Subsection 4.3.1), the convergence of the method slows down when

closing in on the solution, a behavior that is most noticeable when dealing with

badly scaled systems. The system considered here is very badly scaled, even when

using the Bernoulli-shaped trial functions. It has a condition number as large as

4� 107, which results in the Steepest Descent not converging after as much as 70

hours CPU-time. Hence the \N/A" in Table 5.5.

The Conjugate Gradients method, on the other hand, seems to be a rather

eÆcient method. It spends a large number of iterations before locating the so-

lution to a reasonable accuracy, but each iteration is very fast, so that the total

CPU-time used is acceptable. The method has been proven to be superior to

the Steepest Descent, as is the consensus from numerical literature. When it

comes to the choice of updating formula, the tendency shown in Section 5.3 is

indicated here as well: the Fletcher-Reeves formula seems to hold a hand over

the Polak-Ribi�ere formula. Nevertheless, it may very well be that the situation

changes when applied to di�erent optimizing problems. Both implementations

managed to locate four di�erent minimum points.

The Newton-Raphson method showed signs of being a very eÆcient method,

at least for the rather small system considered in Section 5.3, but it was also

mentioned that this could change for larger system. So is the case: The calcu-

lation and inversion of the now rather large Hessian matrix is indeed elaborate
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and time consuming. V The number of iterations is still modest compared to

the other optimizing methods, but the total computation time is substantially

lengthened. This is especially the case with the implementation using the back-

tracking scheme, which, with the exception of the Steepest Descent method, has

the longest average computation time of all the optimizing methods in consider-

ation. The implementation that spent the least amount of computing time was

the the one with the secant stepsize algorithm. This is somewhat surprising,

since the linear searches are usually thought of as being too elaborate to give any

gain in eÆciency. The reason why the secant method doesn't a�ect the eÆciency

notably can almost be read directly from column (5) in Table 5.5. The num-

ber of iterations per second is similar for all the three di�erent implementations,

which means that the speed of each iteration is almost independent of the choice

of stepsize determiner. The majority of time is taken up by the computation

and the inversion of the Hessian matrix, and the eÆciency is therefore seriously

enhanced by the fast convergence caused by linear searches.

The three di�erent implementations of the Newton-Raphson method does

not only show diversity in computing time|also the number of distinct solutions

located is notably di�erent. The implementation using the secant and the crude

stepsize determiner �nds 9 and 21 allowed stationary points, respectively, while

the backtrack implementation only ends up at one. The only similarity is that

all three implementations end up at 100 di�erent solutions starting from the

100 di�erent initial values, implying a large number of bad solutions: 91 with

the secant stepsize determiner, 79 using the crude method, and as much as 99

using backtracking. All in all, based on both computing time and number of

di�erent allowed solutions, the implementation using backtracking seems to be

a very poor choice for the type of system treated here. The question which of

the other two versions of the Newton-Raphson method to chose, is a bit more

open. The implementation using the secant method is preferable when it comes

to eÆciency, but is not able to locate as many stationary points as the the crude

stepsize implementation.

The Secant method proved itself once again to be a very eÆcient method,

especially when using the secant stepsize determiner, which was the fastest of all

the methods tested. On average, it spent only 1.6 minutes CPU time in locating

a stationary point. A problem with this version is that it is only able to �nd

three minimum points, while the version using backtracking located as many as

32. The problem with the latter is that the computation time on average is as

large as 12.3 minutes.

The last method tested, the Hybrid method, spend on average a marginally

longer time in converging than the Secant method using the secant stepsize deter-

miner, but has the advantage of �nding a considerably larger number of allowed

VThe Hessian can be made sparser, and the computation time reduced, by ignoring the
cross-terms (see Peebles, 1995). This method was not tested here.
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stationary values, 40 all in all. Similarly to the Newton-Raphson method, almost

every initial value gave a distinct solution, resulting in 56 bad solutions.

The results based on the testing in this section are as follows. The optimizing

methods which one safely can discard are: The method of Steepest Descent,

The Conjugate Gradients method using the Polak-Ribi�ere updating formula,

and Newton-Raphson using the backtracking scheme. This leaves us with the

Conjugate Gradients method implementation using the Fletcher-Reeves formula,

Newton-Raphson using the crude and the secant stepsize determiners, the Secant

method using the backtracking and the linear search, and �nally, the Hybrid

method. For both the Newton-Raphson and the Secant method, one of the two

di�erent remaining implementations have the advantage over the other either

when it comes to speed or to the number of solutions detected. By looking at all

the methods with their di�erent implementations as a whole, it should be possi-

ble to settle on a method that either is the fastest or is able to locate the largest

number of acceptable solutions. Preferably we would like to have a method with

both these qualities, but as seen in this section, none of the optimizing methods

considered here has that ability. The method that found its way to the solution

in the least amount of time was the Secant method using linear searches, but at

the same time it found the smallest number of solutions. The second fastest was

the Hybrid method, which also happen to be the one able to locate the largest

number of di�erent permissible solutions, both minimum and saddle points. The

Hybrid method seems therefore altogether to be the best choice of optimizing

method. But, if one is only interested in a large amount of minimum points,

the Conjugate Gradients method using the Polak-Ribi�ere formula or the Secant

method using linear searches are preferable. The choice of method is all in all a

choice of convenience, but with the Hybrid method as the recommended method

for general use.

It should be noted that in addition to the large diversity in the number of

solutions located by the di�erent implementations of the optimizing methods, a

considerable number of solutions found by one method were not detected by the

other, and vica versa. For example, of the 22 minimum points located by the

Hybrid method, none were included in the set of 32 minimum points detected

by the Secant method using backtracking. This should indicate that there are

at least 54 minimum points for this system, and that none of the optimizing

methods were able to locate them all starting from the 100 di�erent initial values

used here.

I close this subsection by mentioning that there are ways to limit the muli-

tivalued behavior of the system, and thereby also reducing the number of bad

solutions. One way is simply to chose a system of mass tracers that is sparser;

i.e. galaxies that are close to each other are treated as a group, thereby limiting

the possibility of orbit-crossing. Onwards, one can make sure that solutions that

allow two galaxies coming closer than a certain distance are rejected. Peebles

(1996) set this limit to 30 kpc in proper units, assuming that a pair that passes
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closer than that would likely have merged. Peebles (1996) also proposed that one

could discard solutions that do not give a good enough �t of predicted to the ob-

served velocities for the adjacent dwarf galaxies. Peebles accepted the solutions

that gave a �t better than 75 km s�1.

5.4.3 A Physical Discussion

Mainly due to the poor quality of observations, especially when it comes to mass

and distance, the �t of observed to predicted radial velocities of the galaxies

in Table 5.4 is at best qualitative. In addition, the multivalued nature of the

solutions makes it diÆcult to pick the solution that best represent the actual

galaxy orbits.

The criterion for best �t of the solution of the system to observed line-of-

sight velocities is the same as was used when determining the mass of the system

in Subsection 5.4.1, namely by considering the radial velocities of the four dwarf

galaxies in the LG: NGC 6822, M31, IC 1613, and WLM. The observations of the

redshifts of these galaxies are usually accepted to be adequate, and it is therefore

fair to assume that any correct solution of the AVP should be able to represent

the velocity of these galaxies to within a certain limit of accuracy. Peebles (1996)

set this limit to 75 km s�1 for four of the closest dwarf galaxies to the MW in his

system; Fornax, Leo I, Leo II, and NGC 6822. Although di�erent galaxies are

considered here, the same limit is adopted.

The allowed solution that gave the best �t was located by the Secant method

with backtracking. This was a minimum point with an average error of �t for

the four galaxies of about 30 km s�1. The resultant orbits of this solution are

presented in Figure 5.4(a), and a comparison between predicted and observed

velocities is given in Figure 5.5(a), the former is plotted against the latter. The

predicted velocities in this solution are also given in column (8) of Table 5.4.

Figure 5.5(a) clearly shows that even though the �t for the galaxies in the LG

is adequate, most of the galaxies in the LN have predicted velocities that are quite

di�erent from the observed values. Most erroneous are the velocities for M101

and NGC 45, which are o� by as much as about 200{300 km s�1 (for this reason,

M101 is not included in Figure 5.5(a)|it having a positive velocity of 570 km

s�1). These rather large o�sets can be explained by quite a few factors, the major

ones being an incomplete system of mass tracers, a rough mass model, wrong

cosmological model, and inaccurate distance observations. Not to be forgotten is

the problem with the multitude of solutions given by the AVP. It may very well

be that the correct solution has not been detected by the search in the previous

subsection.

In an attempt to better �t the radial velocities given by the model to observa-

tions, the distances to the galaxies in the LN can be adjusted, thereby giving an

estimate of what the distances are supposed to be according to the AVP. It is im-

portant to note that these adjustments of distances are based on the assumptions
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(a) (b)

Figure 5.4: Orbits for a system of 22 mass tracers. (a): Best �t for the original system with
distances given in column (4) of Table 5.4. (b): Best �t for a a system where the distances of
the original system have been adjusted to give a better �t than in (a). Adjusted distances is
given in column (9) of Table 5.4. The present radius of the circle is R0 = 7:4 Mpc.

that the system of galaxies in Table 5.4 correctly represent the mass distribution

in the LG and the LN, and that both the mass model and the cosmological model

are correct. Neither of these factors are probably correct, but the adjustments of

these factors will not be considered here.

The technique of adjusting the distances to get a closer agreement between

the model and observations was tried. Some of the galaxies in the LN were given

alternative distances and a search for solutions starting from a large number of

di�erent initial values was undertaken. Based on the results from the previous

section, the Secant method with backtracking was used due to its ability to �nd

a large number of minimum points. The adjusted distances is given in column

(9) of Table 5.4, the resultant orbits for the best �t is presented in Figure 5.4(b),

and the comparison of predicted and observed velocities is given in Figure 5.5(b).

By comparing the two �gures in Figure 5.5, the distance adjustments improved

the �t notably, especially for the more distant mass tracers. An even better �t

could have been achieved by adjusting the distance to all the mass tracers, but

a perfect �t would most probably not be a good representation of the actual

distances due to the uncertainty in the mass model and the radial velocities, and

the incompleteness of the system. The distance to the galaxies in the LG and

the ones closest to the LG were not adjusted due to the relatively high accuracy

in the distance estimates, indicated by the use of two decimals in column (4)

of Table 5.4. The discrepancy between the observed and predicted velocities for
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(a) (b)

Figure 5.5: Predicted velocities plotted against observed values. (a): Best �t for the original
system with distances given in column (4) of Table 5.4. (b): Best �t for a system where the
distances of the original system has been adjusted to give a better �t than in (a). Adjusted
distances given in column (9) of Table 5.4.

these galaxies may, in addition to the abovementioned factors, be caused by the

erroneous results for the more distant galaxies in the system.

Anyhow, these adjusted distances do give an indication of the distances to

the more distant galaxies. For example, the adjusted distance to the M101 group

is within the range of the distance estimates in literature (Stetson et al., 1998,

and references therein), and the Sculptor galaxies are given new distances which

are in line with the distance given to the Sculptor group by Peebles (1996).

The Dw1 galaxy has been given a distance that lies somewhat outside the range

presented by Phillips and Davies (1997), but the observations of this galaxy are

very inaccurate, both when it comes to radial velocity and mass, in addition to

the distance.

A note on the Antlia galaxy. From observations, there are indications of Antlia

being a companion of NGC 3109. The majority of the solutions discovered in this

thesis shows that the two galaxies are either closing in on each other for the �rst

time, or they have just passed by. This indicate that the two-galaxy system is

not virialized, and that they therefore are not relaxed companions. Although, it

will probably be advantageous to treat these two as one mass tracer, reducing the

multivalued nature of the solutions. The same argument goes for the Sculptor

group galaxies.



Chapter 6

Review of the AVP

As seen in the previous chapter, the AVP is a tool that provides us with the

mean to study the dynamics of the Universe on quite large scales, e.g. on scales

of groups of galaxies. Since the introduction of the principle into cosmology by

Peebles (1989), the method has proved to be an elegant and eÆcient method

in the study of several aspects of both the evolution of and the current state of

our immediate neighbourhood in the Universe. This chapter will be devoted to

the di�erent applications and di�erent implementations of the AVP presented in

literature during the last decade, thereby also serving as a short review of the

development of the method. In Section 6.1, a presentation of the di�erent areas of

application of the AVP will be given, while Section 6.2 will deal with the di�erent

ways of implementing the method, both numerically and mathematically.

6.1 Areas of Application

As mentioned previously, Hamilton's principle was �rst introduced to the study

of the dynamics of galaxy groups by Peebles in his letter to the Astrophysical

Journal in 1989, then referring to the method as the "least action principle".

In the study of the formation of large-scale structures in the universe, he had

come to the conclusion that Hamilton's principle lent itself as a most applica-

ble method when considering the orbits of galaxies as a mixed boundary-value

problem. This paper gave a short presentation of the method and some of its

applications in cosmology, concentrating on the method's ability to predict the

present velocities. Two systems of galaxies were treated: the eight galaxy system

that the numerical methods were tested on in Section 5.3 of this thesis, and a

system that was extended to include the two nearby groups Sculptor and Ma�ei,

treated as point-particles. The predicted radial velocities of the former system

was in good agreement with the observed values (see Table 5.2), the assumptions

and approximations (treating the galaxies as point particles, rough mass model,

limited number of trial functions, etc.) considered. These results were a strong

93
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argument in support of the method and for the assumptions that it was based

on, especially since the method left the present velocities unconstrained. Peebles

had managed to show that the method had an utilitarian value in the study of

the dynamics of galaxies.

Peebles also applied di�erent cosmological models, withH0 = 50 km s�1Mpc�1

and 
0 = 1:0; 0:1 being the two central ones. (In the 
0 = 0:1 model, a cosmo-

logical constant was included.) He showed that if the LG can be considered an

isolated system (the LG being represented by the eight galaxies in Table 5.1),


0 = 1:0 would be preferred, while when including the two external groups, this

dense model over-predicts the velocities of these groups. The Ma�ei and Sculp-

tor groups would then have a large positive radial velocity due to the local mass

density being less than the background. This is in conict what is observed|

the LG being a general galaxy concentration. For the system of ten mass tracers,


0 = 0:1 gave a better �t, but not as good as for the eight galaxy system. The

main reason for the discrepancy in the larger system is the rough mass model

and the bad quality of the distance estimates to the two external groups. Even

though there was a certain o�set between the observed and the predicted radial

velocities, the method did indicate a small value for the density parameter with

a non-negligible cosmological constant.

For most of the mass tracers in the two systems, the discrepancies in the radial

velocities were acceptable on the basis of the assumptions and the limited number

of galaxies included, except in the case of the NGC 6822 galaxy. This galaxy has

been observed to have a small positive radial velocity, but the action solutions

insisted on giving it a rather large negative value. A di�erent numerical method

came to the rescue of this problem: In the following year, 1990, Peebles gave a

more extensive presentation of the AVP, including an application of the Newton-

Raphson method in locating stationary values of the action. Prior to this, he

had used the method of Steepest Descent, which, as we have seen in Subsection

4.3.1, is only able to locate minimumpoints. Using the Newton-Raphson method,

Peebles was able to reveal saddle points which gave a small positive value for the

radial velocity of the NGC 6822 galaxy. The galaxy seemed not to be falling

towards the MW for the �rst time, but rather to have already passed by and now

receding. Peebles thus showed that saddle points may very well be acceptable

solutions to the action.

Additionally, in his paper from 1990, Peebles introduced the Bernoulli-shaped

trial functions in (3.23) and applied the AVP in alternative cosmological mod-

els. On the latter, he came to the conclusion that the model with H0 = 75

km s�1Mpc�1, 
0 = 0:1, and a non-zero cosmological constant was preferable,

thereby ruling out the Einstein-de Sitter universe. The former value of 50 for the

Hubble parameter was found to give an unreasonable large age of the universe.

Apart from being a more elaborate version of his paper from 1989, Peebles also

introduced a new area of application for the AVP, namely the estimation of the

primeval mass density uctuations. Based on the system of ten mass tracers, he
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was able to give an estimate of the size of the mean density contrast that produced

the concentration of galaxies within the LG, which was reasonably consistent with

observed uctuations in galaxy counts on large scales.

The AVP had clearly been shown by Peebles to be an interesting method,

with a large array of applications|if correct. Dunn and Laamme (1993) were

some of the �rst to take interest in the method, using the resultant orbits to

determine the present angular momentum of the LG, estimating the direction of

the spin axes of the MW and M31, and studying the tidal force acting on the

LG and its galaxies. In this study, they extended Peebles' mass tracer system

to include the M81 and NGC 5128 (Centaurus) group, and splitting the Ma�ei

group into Ma�ei I, Ma�ei II, and IC 342, resulting in a system consisting of 13

mass tracers. By applying Peebles' preferred cosmology, H0 = 75 km s�1Mpc�1

and 
0 = 0:1, they came to the conclusion that in the initial state of the Universe,

the gravitational force on MW and M31 were dominated by galaxies outside the

LG, and that the group therefore can not be considered an isolated system. They

also observed that the addition of the external groups degrades the agreement

that Peebles had between the observed and predicted radial velocities, indicating

that a somewhat large value for 
0 would give better results. It should be noted

that they adjusted the mass of the system by reproducing the observed line-of-

sight velocity of M31, which resulted in a considerably larger mass of the system

than used by Peebles.

Later that year, Giavalisco et al. (1993) released a paper where they tested a

di�erent implementation of the AVP, making use of the Zel'dovich approximation.

[The details will be given in the next section. Only the results of their study

will be discussed here.] They showed that by conjoining these two methods,

the convergence of the AVP was signi�cantly more rapid and the representation

signi�cantly more accurate. They were also able to reduce the number of possible

solutions when dealing with large systems. A problem with the method is that

the ow is laminar; i.e. no orbit-crossing, which is only achieved when dealing

with sparse samples where the small-scale non-linear relative motion has been

suppressed. This is not the case for the galaxies in the LG and LN. Giavalisco

et al. also outlined an extension to their implementation using the density and

velocity �elds instead of the particle distribution. This �eld-implementation was

discussed further by Susperregi and Binney (1994).

The same year, a presentation of the collaboration between Shaya, Peebles,

and Tully was given at a conference on cosmic velocity �elds (Shaya et al., 1993).

A di�erent implementation of the AVP was used [for details, see next section],

allowing as many as 500 nearby groups of galaxies within 3000 km s�1 in the

calculations. The primary goal of their work was to obtain both position and

velocity for the mass tracers as a function of time, ultimately giving an estimate of

the density parameter. A more detailed presentation of their work was given two

years later, Shaya et al. (1995), in which a catalog of as many as 1138 mass tracers

within 3000 kms�1 was studied. A major di�erence in the implementations of the
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AVP in these two presentations from previous works is that redshift is used as

input to the calculations instead of distance. This gave a considerably improved

quality of the input data to the AVP, redshift being a parameter that can be

measured to a much higher accuracy than distance. The positions in the sky and

the redshift were used to predict the present distances. They also introduced

a way of predicting the mass of each galaxy by using lumnosities and mass-to-

light ratio, M/L, as input to the model. All galaxies and groups were assumed

to have the same M/L, and the Hubble and density parameter were adjusted

to give a preferred age of the Universe. The results of these calculation were


0 � 0:1 and t0 � 11 Gyr (the Hubble age), assuming a space curvature. The

value of the expansion time seemed uncomfortably short, and Shaya et al. (1995)

mentioned that an introduction of a cosmological constant making the Universe

cosmologically at, would give t0 < 15 Gyr for 
0 > 0:1.

Peebles published another paper on the subject in 1994 (Peebles, 1994), meant

as a more detailed account of the computations and the nature of the solutions.

The original implementation from his �rst two papers were considered, with some

slight modi�cations: First, the system of mass tracers was increased to include

more galaxies and groups of galaxies in the LN, resulting in a system of 14 mass

tracers. Second, the solutions were located solely by the use of the Newton-

Raphson method, �nding both saddle and minimum points. Third, the orbits

were constrained to redshift as well as to distance, applying the method used

by Shaya et al. (1993, 1995), in addition to the Newton-Raphson method. And

�nally, the mass of the system was not being determined by arriving at the ob-

served value of the radial velocity of M31. Instead it was set by giving the system

a preassigned mass-to-light ratio, M=L, the choice of value loosely determined

by the agreement between the observed and the model velocities for all the mass

tracers in the system.

In addition to serve as an elaborate presentation of the AVP and its di�erent

solutions for di�erent cosmologies and M/L-ratios, Peebles (1994) also presented

some updated results. For example, it was shown that \the formation of the

LG can have been heavily inuenced by the interaction with neighboring mass

concentrations", the best �t of predicted to observed radial velocities is for a cos-

mologically at model with t0 = 13 Gyr and 
0 = 0:1, and that the mass-to-light

ratio is in the range of 100{200 solar units, giving little room for a cold intra-

group mass component. Another important point made was that the prediction

of redshift from orbits �xed to present distances is to be preferred over distances

measured from redshift.

The AVP was by now starting to pick up some attention, and some were

rather critical to both the assumptions the method were based on and its results.

Branchini and Carlberg (1994) tested the method against a CDM N-body sim-

ulation in an Einstein-de Sitter universe, and concluded that the AVP \cannot

rule out an 
0 = 1:0 value on the LG scale". This di�ered from the results

presented previously by for example Peebles (1989, 1990, 1994), which strongly
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indicated a small value for the density parameter 
0. Branchini and Carlberg

used the N-body simulations somewhat di�erently from Peebles in the sense that

the N-body created orbits for an arbitrary LG-like system of galaxies, onto which

the AVP was applied. The implementation of the AVP was identical to Peebles

(1989). Branchini and Carlberg found that the AVP systematically underesti-

mates the mass of the system compared to the N-body solutions in a 
0 = 1:0

CDM universe. They explained this discrepancy by the existence of extended

overlapping halos which would not be detected by the AVP. On the basis of this,

they introduced another restriction onto which systems the AVP was applica-

ble: in addition to demanding the system to be dynamically young, the average

relative separation between the galaxies had to be larger than � 2 Mpc. This

excludes the LG, and they therefore concluded that the AVP applied to the LG

cannot rule out an 
0 = 1:0 universe.

Dunn and Laamme (1995) did a similar study, also comparing the AVP orbits

to a CDM N-body simulation. They came to the same conclusion as Branchini

and Carlberg, that the AVP underestimates 
0 in a CDM universe, but presented

a di�erent explanation. The shape of the halos were found not to be the reason

for the discrepancy between the two methods, but rather particles in the CDM

N-body not linked to any halos, referred to as \orphans". The AVP does not

take these particles into account, which is in conict with the assumption that

light traces mass. Dunn and Laamme therefore reach the same conclusion as

Branchini and Carlberg: the analysis of the LG using the AVP does not exclude

the Einstein-de Sitter universe.

Shaya et al. answered to this criticism in their papers from 1995 (Shaya et al.,

1995). They agreed that if there is a signi�cant mass component that is more

smoothly distributed than the mass tracers usually used in the AVP, the method

will not take any notice of it. But, they claimed that this is in conict with

the evidence from the redshift of the galaxies in the LG and LN, both from the

AVP and other studies of the dynamics of the LG (e.g. Zaritsky et al., 1989).

These works strongly indicates that M=L � 100 solar units, and that the mass is

concentrated within relative compact halos. \There is no room for substantially

more mass in halos extending to 1 Mpc" (Shaya et al., 1995). The authors also

pointed out that even if the galaxies have halos that extend beyond 1 Mpc, they

will rarely overlap since the mass tracers used in the calculations are chosen on the

grounds of having a crossing time much larger than the Hubble time. Although

Shaya et al. argued against a mass component distributed on scales of a few

megaparsec, they were open to the possibility of a dark matter component with

a broader coherence length, but deemed it unlikely. If such a mass component

should exist on scales of, say, 10 Mpc, it need not have any e�ect on the dynamics

on smaller scales.

Peebles devoted a large portion of his paper from 1995 to this dispute (Peebles,

1995), arriving at the same conclusions as Shaya et al. (1995). He found the AVP

solutions to be in good agreement with the results of Zaritsky et al. (1989): \if
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the radial velocities of the dwarf spheroidal galaxy Leo I and the Andromeda

Nebula are the results of the gravitational assembly of the Local Group, then

the mass-to-light ratio of the two dominant group members is M=L � 100 solar

units, and the mass of the Milky Way is concentrated within a radius of about

200 kpc." In this study, Peebles used a system consisting of twelve mass tracers

in the LG and its immediate neighbourhood, including the dwarfs Fornax, Leo

I, and Leo II. The e�ort was here concentrated on modeling the radial velocity

of these dwarfs, �nding solutions that were comparable to the results of Zaritsky

et al. (1989).

Apart from the physical aspect of this paper, Peebles (1995) also presented a

new implementation of the AVP, using a parameterization of the orbits by their

positions at discrete points in time. [More on this in the next section.] It is also

worth noting that Peebles in this paper mentioned an optimizing method that

shows similarities to the Secant method, but did not use it in the calculations.

Peebles released yet another paper on the subject of AVP in 1996 (Peebles,

1996). This time the e�ort was concentrated on the measurement of the primeval

mass uctuation power spectrum P (k). The AVP was used to determine the

initial peculiar velocities of 18 galaxies in the LG and LN, which in turn were

used to estimate the power spectrum at high redshift. Peebles made use of

the parameterization of the orbits at discrete times, and applied a mass-to-light

ratio of M=L = 150 solar units. Some of the main conclusions from this work

were as follows: Firstly, Peebles once again insisted that the galaxies trace mass

due to action solutions giving redshifts of the galaxies that are in reasonable

agreement with observations. Secondly, the estimates of the mass uctuation

power spectrum showed good consistency with other studies in the case of low-

density cosmological models, adding to to the evidence that galaxies trace the

nearby mass distribution.

Scmoldt and Saha (1998) returned to the idea of using the observed redshifts

as input to the AVP calculations, as discussed and rejected earlier by Peebles

(1994). They gave a slightly di�erent implementation of the AVP as we shall see

in the next section. The resultant distances from the calculations were in good

agreement with observations, at least for the dwarf galaxies in the LG. Based on

these preliminary results, this implementation seems promising, but need to be

tested on a larger and deeper systems of galaxies.

6.2 Di�erent Implementations

As seen in the previous section, quite a few di�erent implementations of the

AVP has surfaced since the presentation of the the method by Peebles (1989).

A brief review of these methods will be subject of this section. The original

implementation of Peebles has been considered in detail earlier in this thesis and

will therefore not be considered here.
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In an attempt to �nd a more rapid convergence of the AVP when dealing with

large systems of particles of, say, a thousand, Giavalisco et al. (1993) combined it

with a generalization of the Zel'dovich approximation. The orbits of the particles

were parameterized by (cf. equation (8) in Giavalisco et al., 1993)

x�
i
(t) = x�

i
(a0) +

NX
n=1

C�

i;n
[D(t)�D0]

n ; (6.1)

whereD(t) is the linear growth factor, and D0 is its value at the present epoch. By

comparing equation (6.1) to (3.21), one sees that the di�erence in this implemen-

tation is an alternative choice of trial functions. Giavalisco et al. (1993) showed

that the e�ect of choosing f
n
(t) = (D(t) � D0)

n is that the convergence of the

AVP is faster and that equation (6.1) reproduces the Zel'dovich approximation in

the limit of small displacements. The latter reduces the number of possible solu-

tions due to the possibility of avoiding orbit-crossing solutions. By truncating the

series in equation (6.1), one retains the search to the quasi-linear regime, where

the ow is laminar. Hence, this implementation has faster convergence than

Peebles' original implementation, is more accurate, and reduces the multivalued

nature of the solutions. The latter is both an advantage and a disadvantage,

depending on what sort of systems considered. For systems where small-scale

non-linear relative motion is not of interest, the implementation clearly makes

the calculations more eÆcient, while for more complicated systems, the method

would ignore possible solutions, such as saddle points.

As an alternative approach to avoid orbit-crossing, and the resulting multi-

valued solutions, Giavalisco et al. (1993) also outlined an implementation where

the input data are �elds and not particle distributions. This leads to a picture

where the density and velocity are determined as a function of �xed comoving

Eulerian coordinates. This will put an even greater restriction on the set of pos-

sible solutions than in the particle picture, since the velocity is constrained to

potential ow. This results in the method not being applicable when having high

density contrasts. This �eld-implementation was discussed further by Susperregi

and Binney (1994), which also successfully tested it against one and two dimen-

sional models. Applications to real observational data seemed to them feasible,

but computationally costly.

It should also be noted that both Giavalisco et al. (1993) and Susperregi and

Binney (1994) (and later Scmoldt and Saha (1998)) used an iterative method for

locating solutions di�erent from the ones tested in this thesis. A rough outline of

the method, which is more of a root �nding than an optimizing method, follows:

One starts with an initial guess for the coeÆcients C�

i;n
and uses them to compute

the last term of equation (5.8). Updated values for the coeÆcients are then
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computed from the remaining terms, which in turn are used to again compute

the last term once again. This process is repeated until convergence.I

Another implementation of the AVP was presented by Shaya et al. (1993,

1995), applied on large systems of over 500 mass tracers. The present distance

is found given the present redshift by the following iterative procedure: The

�rst step is to make an initial guess of the distances to the mass tracers and

then solve for the orbits by the method of Steepest Descent.II In order to avoid

too long commutating time, the termination parameter is set fairly large. As

seen in Subsection 5.4.3, the orbit solutions in general are not acceptably close

to the observed velocities. The distances are then adjusted by a small amount,

and the orbits recalculated. For each tracer, the small change in model redshift is

compared to the di�erence between model and observed redshift, and an estimate

is made of the distance shift that will bring the model in line with the observed

redshift. The shifting of distance in Subsection 5.4.3 is a rough version of this

technique.

Peebles (1995) presented a method which can not be considered as just a

variation of the AVP, but more of a recreation of the method. Instead of basing

the method on Hamilton's principle, it is was now developed using the modi�ed

Hamilton's principle (Goldstein, 1980, page 362). The orbits are in this new

version of the AVP parameterized by their positions at a discrete set of world

times, opposed to the previous version where the orbits were described as a linear

combination of the trial functions (3.21). The resultant action is then given as

(cf. equation (8) in Peebles, 1995)

A =

NX
n=1

�
m

i
a22n
2

(x�
i;2n+1 � x�

i;2n�1)
2

t2n+1 � t2n�1
� V2n�1(t2n � t2n�2)

�
; (6.2)

where

V2n�1 =
G

a2n�1

X
i6=j

m
i
m

j

jx
i;2n�1 � x

j;2n�1j
+
2

3
�G�

b
a22n�1

X
i

m
i
x2
i;2n�1 : (6.3)

IThis method was also attempted in this study, but there were problems with convergence.
According to Giavalisco et al. (1993); Susperregi and Binney (1994); Scmoldt and Saha (1998),
the convergence needs to be aided by, for example, adding some stabilizing terms to equation
(5.8). Based on this instability factor, and the fact that this method is not an optimizing
method comparable to the ones tested here, the method was not considered any further.

IIAssuming that what they refer to as \walking down the gradient" is the method of Steepest
Descent.
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Peebles used as many as 40 equally spaced time steps from z = 80 to the present,

i.e. each orbit being described by 120 parameters. This results in a system con-

sisting of 1140 free dimensions for the twelve galaxies considered. The stationary

values for the action was determined in the same way as previously, by the use of

optimizing methods. Peebles applied the Newton-Raphson method, and due to

the impractical inversion of the now very large Hessian matrix, he adjusted the

orbits of each galaxy in turn while holding �xed the orbits of the other galaxies.

In other words, all the cross terms where i 6= j in the Hessian were ignored. This

technique was mentioned in Subsection 4.3.3.

This version of the AVP, which Peebles also used in his paper from 1996,

has a disadvantage over the original version in that the peculiar velocities and

the e�ective mass density contrast at high redshift are poorly de�ned. But, on

the other hand, the computation of the discrete description is considerably faster

(e.g. due to no numerical integration) and better adapted for sharply bending

orbits. The choice of version is therefore a choice of application.

As seen in the previous section, Scmoldt and Saha (1998) returned to the

idea of using observed redshift to recover distance. They distinguished between

two di�erent actions and two di�erent sets of boundary conditions leading to the

same equations of motion. The reason for this duality is that they treat the real

three-dimensional problem as a combination of two types of coordinates, one is

the \real space" and the other is the \redshift space". The observed redshift is

treated in the redshift space, while the other two coordinates is treated in the

real space. The two di�erent actions were then used to locate common stationary

points by the iterative root �nding process outlined in the previous section.
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Conclusions

As this study has clearly shown, the AVP is a very interesting and applicable

method in the study of the formation of large-scale structures in the Universe,

especially on the scales of a few megaparsec. The method's ability to trace

the orbits of galaxies and groups of galaxies back in time has provided us with

the opportunity to take a closer look at quite a few subjects concerning the

evolution of matter in the Universe. Ideally, if one had a complete catalogue

of the galaxies in the LG and the LN, for example containing exact distance

and mass estimates, the orbits of these galaxies could have been described to

high accuracy. Unfortunately, such a catalogue does not exist as of today, and

the results are therefore very colored by the poor quality of the input data. In

addition, the non-linear behavior of the action results in a multivalued solution,

which means that one need some discriminating factors to be able to determine

the correct solution. Nevertheless, the solutions found by the AVP have been in

surprisingly good agreement with observations.

The intension of this study has been to give a pedagogically detailed presen-

tation of the AVP and its application in the study of the formation of the LG

and LN, concentrating on the numerical implementation. The results of the work

will be given next, on Section 7.1, followed by some suggestions for future work

in Section 7.2.

7.1 A brief Summary

A detailed presentation of the AVP was given in Chapter 3, including a deduction

of the Lagrangian, which, to my knowledge, has not been given in the context of

AVP before. In the following chapter, Chapter 4, the numerical aspects of the

method were presented, both integration and optimization. Then, in Chapter 5

the main part of this thesis, namely the implementation of the principle and the

testing of the di�erent optimizing methods. Two di�erent systems of galaxies

were used for this purpose: one with 120 variables to be determined and an other

103
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with 660. The reason for using two so widely di�erent systems is that there

were indications from the presentation of the optimizing methods in Section 5.1

that they would behave quite di�erently when applied to systems of di�erent

sizes. This was also the case: When applied to the smaller system, there were

only small variations in the performance of the methods (with the exception of

the method of Steepest Descent), while when used on the larger system, the

method making use of the second-derivative of the action seemed then to be too

elaborate, resulting in long computation time even though the convergence was

rapid. This is the general trend resulting from the tests undertaken here, which,

most likely, will be more evident for even larger systems. But, when considering

the di�erent implementations of the optimizing methods, it becomes apparent

that this general view is a bit more detailed.

The simplest and most stable of the optimizing methods tested, the method of

Steepest Descent, proved to be a poor choice for any of the systems: each iteration

is very fast but the convergence is equally slow, resulting in a long computing

time. As mentioned in the presentation of the method in Subsection 4.3.1, the

method is generally only used for illustrative purposes and in conjunction with

other methods.

The second method tested that only considers the �rst-derivative of the ac-

tion, was the Conjugate Gradients method with its two implementations. The

convergence of this method was considerably faster than for the Steepest Descent,

and the speed of each iteration was superior to most of the implementations of

the Newton-Raphson, Secant, and Hybrid method. The method therefore proved

to be quite eÆcient, having the third shortest computation time. One major

problem with the method is that it is only able to locate a limited number of

stationary values, all of them being minima.

A better choice of method if one is only interested in minimum points, is the

third method making use of only derivatives of the action to the �st order, namely

the Secant method. The two di�erent implementationsI using backtracking and

linear searches have been shown to behave quite di�erently: the backtracking

resulted in long computing time but found a large number of minimum points

(in the case of the larger system), while using the linear searches located very

few solutions very rapidly. In fact, the implementation using the secant stepsize

determiner was the most eÆcient method when considering the larger system.

Thus, if the main interest is speed, the Secant method using linear searches is

preferable, but if the goal is to reveal as many minimum points as possible, the

Secant method using backtracking is a good choice.

The Newton-Raphson method makes use of the information provided by the

second-derivatives of the action, and thereby has the quickest convergence of all

the methods tested. The problem is that the calculation and the handling of

IThe implementations using the DFP-formula is not considered due to it being deemed not
suitable in Section 5.3.
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the Hessian matrix is rather time consuming. This is not particularly noticeable

when applied to the small system, but becomes a serious drawback for the larger

system. On the other hand, the method has the advantage of being able to locate

saddle points which seem to be valid solutions. All in all, the Newton-Raphson

method is an adequate method, especially for small systems, but will most likely

be too slow for larger systems than the ones tested for here. Of the three stepsize

determiners tested, the crude one seems to be able to locate most stationary

values, while the linear searches resulted in the least amount of computing time.

A way to improve the performance of the Newton-Raphson method is to

combine it with a method that initially has a fast convergence. This is the idea

behind the Hybrid method; the method of Steepest Descent locates the solution

to a certain accuracy, from where the Newton-Raphson method takes over and

determines the solution to high accuracy with increasing convergence. The Hy-

brid method has therefore both relatively short computing time and the ability

to locate a large array of solutions, including saddle points, to high accuracy.

As can be seen from the results above, none of the methods seems to be

prominent when it comes to both �nding the largest number of solutions and

spending the least amount of time in locating them. The conclusion of the tests

of the optimizing methods is therefore a bit vague, and the choice must be based

on the intensions one has when using them. If the goal is to just locate any

solution as fast as possible, the Secant method using the linear searches is the

best choice; if one would like to locate as many minimum points as possible, one

should go for the Secant method using backtracking; and if the largest amount

of stationary values is the quest, the Hybrid method is to be preferred. If one is

in need for a method for overall use, this study recommends the Hybrid method;

it being fast, accurate, and able to locate a large number of solutions.

Apart form the testing of the optimizing methods, physical aspects of the

larger system consisting of 22 galaxies in the LG and LN were discussed in Sub-

section 5.4.3. The distances to some of the more distant galaxies were adjusted in

order to get a better �t between observed and predicted radial velocities. Most

noticeable were the adjustments of the mass tracers IC 342, NGC 253, Dw1,

NGC 45, and M101, which where all given larger distances than what are be-

ing observed. An introduction of more mass tracers in the LN, making it more

complete, may very well change this picture.

The thesis was closed in Chapter 6 by a review of the AVP, containing an

examination of the large array of its applications and di�erent implementations.

7.2 Suggestions for Future Work

Even though the AVP has been studied quite thoroughly in the last ten years,

there still are quite a few aspects of the method that can be improved. As seen

in this study, there is a lot of work that needs to be done in �nding, or even
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creating, an eÆcient numerical optimizing method which is able to locate all the

allowed solutions. In addition, there are quite a few techniques that may speed up

the calculation of these methods: one being the relative novel concept of parallel

non-linear optimization. The improvement of the computer processors is closing

in on barriers created by the speed of light and the size of atoms, and the only

way of improving the speed is to run several processors in parallel, distributing

the calculations between them. A discussion of the concept of doing optimization

on parallel computers can be found in Schnabel (1994).

The main problem with such a rather dense system as the LG and the LN is

the occurrence of multiple solutions. There are no guarantee that one solution

is more accurate than the other. Even if one excludes the bad solutions and the

solutions that does not recreate the radial velocities of the galaxies that have

fairly accurate observed distance estimates, one will still be left with quite a few

probable ones. A method which discriminates between the solutions is therefore

needed.

As seen from this study, the AVP is by no means fully evolved|not optimized,

so to speak. More e�ort put into this area can prove to be fruitful for the study

of the evolution of large-scale structures in the Universe.



Bibliography

Aarseth, S. J.: 1963, MNRAS 126, 223

Aarseth, S. J.: 1985, in J. U. Brackbill and B. I. Choen (eds.), Multiple Time

Scales, pp 377{418, Academic Press, New York

Ahmad, A. and Cohen, L.: 1973, JCoPh 12, 389

Aparicio, A., Dalcanton, J. J., Gallart, C., and Martinez-Delgado, D.: 1997, AJ

144(4), 1447

Bertsekas, D. P.: 1995, Nonlinear Programming, Athena Scienti�c

Bonner, W. B.: 1957, MNRAS 117, 111

Brainerd, T. G., Scherrer, J., R., and Villumsen, J. V.: 1993, ApJ 418, 570

Branchini, E. and Carlberg, R. G.: 1994, ApJ 434, 37

Cohen, A. M.: 1981, in W. Ledermann (ed.), Numerical Methods, vol. III of

Handbook of Applicable Mathematics., p. 276, John Wiley & sons

Dennis, J. E. and Schnabel, R. B.: 1983, Numerical Methods for Unconstrained

Optimization and Nonlinear Equations, Prentice{Hall, Inc.

Dunn, A. M. and Laamme, R.: 1993, MNRAS 264, 865

Dunn, A. M. and Laamme, R.: 1995, ApJ 443L, 1

Fouqu, P., Bottinelli, L., Durand, N., Gouguenheim, L., and Paturel, G.: 1990,

A&AS 86, 473

Gamow, G. and Teller, E.: 1939, PhRv 55, 654

Giavalisco, M., Mancinelli, B., Mancinelli, P. J., and Yahil, A.: 1993, ApJ 411,

9

Gill, P. E., Murray, W., and Wright, M. H.: 1981, Practical Optimization,

Academic Press

Goldstein, H.: 1980, Classical Mechanics, Addison{Wesley, 2nd edition

Gott, J. R. and Thuan, T. X.: 1978, ApJ 223, 426

Gunn, J. E.: 1974, ComApSpSc 6, 7

107



108 BIBLIOGRAPHY

Gurbatov, S. N., Saichev, A. I., and Shandarin, S. F.: 1989, MNRAS 236, 385

Guth, A. H.: 1981, PhRv D23, 347

Huchtmeier, W. K., Lercher, G., Seeberger, R., Saurer, W., and Weinberger, R.:

1995, A&A 293, L33

Icke, V.: 1974, A&A 27, 1

Jeans, J.: 1902, RSLPT 199A, 49

Jeans, J.: 1928, Astronomy and Cosmogony, Cambridge University Press.

Jones, B. T. J.: 1976, RvMPh 48, 107

Kahn, F. and Woltjer, L.: 1959, ApJ 130, 705

Karachentsev, I. D.: 1996, A&A 305, 33

Karachentsev, I. D. and Makarov, D. A.: 1996, AJ 111(2), 794

Kincaid, D. and Cheney, W.: 1996, Numerical Analysis, Brooks/Cole, 2nd

edition

Kraan-Korteweg, R. C., Loan, A. J., Burton, W. B., Lahav, O., Ferguson, H. C.,

Henning, P. A., and Lynden-Bell, D.: 1994, Nature 372, 77
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Appendix A

The AVP Sourcecode

The code used to calculate the stationary values of the action (3.1), AVP, was

written in the Fortran 90/95 programming language, and will be given in its full

version here, with the exception of the subroutines taken from Press et al. (1996).

The framework; i.e. the main code that is used for all the di�erent implemen-

tations, will be given in Section A.1, the routines for the di�erent optimizing

methods in Section A.2, the modules in Section A.3, and �nally, the input �les

and a description of these will be given in Section A.4.

A.1 Framework

The program consists of several subroutines and functions, and use a combina-

tion of global and local variables. The global variables are declared in a separate

module (see Section A.3) which is accessed in each routine/function where needed

through the USE statement. (Note that all intrinsic statements are given in upper-

case letters, while all user de�ned variables, routines, functions, etc. are given as

lowercase letters.) Also given through the USE statement are: a module that con-

tains functions which are being used at several occasions, a module given in Press

et al. (1996) that contains declaration of some global parameters (nrtype.f90),

and a module containing the interface blocks (see Section A.3). The access by

each routine to the di�erent functions/interface blocks are limited by using the

only statement, making it easier to discover errors in the program structure at

compilation.

The code given is presented as follows. The main routine, PROGRAM avp, is

given �rst, and the subroutines/functions follow in an alphabetical order. As

mentioned in the ingress to this Appendix, the routines taken from Press et al.

(1996) are not included. It is noted where such a routine is being used. The blank

lines/comments are started by using an exclamation mark \!", and indenting is

used to enhance the readability of the code. The code is as follows:

111
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1 ! A C T I O N V A R I A T I O N A L P R I N C I P L E

2 ! *****************************************************

3 !

4 ! Code by Trond Hjorteland, ITA, Oslo.

5 ! (except where noted)

6 ! ------------------------------------

7 !

8 PROGRAM avp

9 !

10 USE nrtype; USE avp_data

11 USE avp_intf

12 IMPLICIT NONE

13 REAL :: t1,t2

14 !

15 ! Reading data from file:

16 !

17 CALL input

18 !

19 ! Initializing parameters/data:

20 !

21 CALL initial

22 !

23 ! Calculating the coefficients:

24 !

25 CALL CPU_TIME(t1) ! Intrinsic in Fortran 95

26 !

27 CALL calc ! Calling the different optimizing methods.

28 !

29 CALL CPU_TIME(t2) ! Intrinsic in Fortran 95

30 dt = ABS(t2 - t1)

31 !

32 ! Calculating the orbits:

33 !

34 CALL orbits

35 !

36 ! Writing data to file:

37 !

38 CALL output

39 !

40 END PROGRAM avp

41 !

42 FUNCTION action(c)

43 !

44 ! Function for calculating the value of the action

45 ! ------------------------------------------------

46 !

47 USE nrtype; USE avp_data

48 USE avp_func, ONLY : pos

49 IMPLICIT NONE

50 REAL :: action

51 REAL, DIMENSION(:), INTENT(IN) :: c
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52 INTEGER :: i,j,k,s1,s2,t

53 REAL :: kin,pot,pot_corr,potj,xdot2,dxabs

54 REAL, DIMENSION(4) :: dx

55 REAL, DIMENSION(3,bodies,nodes) :: xi

56 !

57 dx(4) = cutoff

58 !

59 ! Calculate the positions:

60 !

61 xi = pos(c,nodes)

62 !

63 ! Calculate the action, integrating using the Gaussian quadrature

64 ! method, W(x) = a^(1/2):

65 !

66 action = 0.0

67 DO t = 1,nodes

68 kin = 0.0; pot = 0.0; pot_corr = 0.0

69 DO i = 1,bodies

70 IF (i <= bodies-1) THEN

71 potj = 0.0

72 DO j = i+1,bodies

73 dx(1:3) = xi(:,i,t) - xi(:,j,t)

74 dxabs = SQRT(DOT_PRODUCT(dx,dx))

75 potj = potj + mass(j)/dxabs

76 END DO

77 pot = pot + G*mass(i)*potj/a(t)

78 END IF

79 xdot2 = 0.0

80 DO k = 1,3

81 s1 = (i-1)*3*N_trial + (k-1)*N_trial + 1

82 s2 = s1 + (N_trial-1)

83 xdot2 = xdot2 + (SUM(c(s1:s2)*dtrial(:,t)))**2

84 END DO

85 kin = kin + mass(i)*xdot2*a(t)**2/2.0_dp

86 pot_corr = pot_corr + &

87 mass(i)*DOT_PRODUCT(xi(:,i,t),xi(:,i,t))*Omega*H_0**2/&

88 (4.0_dp*a(t))

89 END DO

90 action = action + weight(t)*SQRT(a(t))*(kin+pot+pot_corr)/adot(t)

91 END DO

92 !

93 END FUNCTION action

94 !

95 FUNCTION gradient(c)

96 !

97 ! Function for calculating the gradient of the action.

98 ! ----------------------------------------------------

99 !

100 USE nrtype; USE avp_data

101 USE avp_func, ONLY : pos

102 IMPLICIT NONE
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103 REAL, DIMENSION(:), INTENT(IN) :: c

104 REAL, DIMENSION(size(c)) :: gradient

105 INTEGER :: i,j,k,n,s,s1,s2,t

106 REAL :: T1,T2,T3,xdot,dxabs

107 REAL, DIMENSION(3) :: grav

108 REAL, DIMENSION(4) :: dx

109 REAL, DIMENSION(3,bodies,nodes) :: xi

110 !

111 dx(4) = cutoff

112 !

113 ! Calculate the positions:

114 !

115 xi = pos(c,nodes)

116 !

117 ! Calculate the gradient, and integrate using the Gaussian Qudrature,

118 ! W(x) = a^(1/2):

119 !

120 gradient = 0.0

121 DO t = 1,nodes

122 DO i = 1,bodies

123 grav = 0.0

124 DO j = 1,bodies

125 IF (j /= i) THEN

126 dx(1:3) = xi(:,j,t) - xi(:,i,t)

127 dxabs = SQRT(DOT_PRODUCT(dx,dx))

128 grav(1:3) = grav(1:3) + dx(1:3)*mass(j)/dxabs**3

129 END IF

130 END DO

131 DO k = 1,3

132 s1 = (i-1)*3*N_trial + (k-1)*N_trial + 1

133 s2 = s1 + (N_trial-1)

134 xdot = SUM(c(s1:s2)*dtrial(:,t))

135 DO n = 1,N_trial

136 s = (i-1)*3*N_trial + (k-1)*N_trial + n

137 T1 = xdot*dtrial(n,t)*a(t)**2

138 T2 = trial(n,t)*xi(k,i,t)*Omega*H_0**2/(2.0_dp*a(t))

139 T3 = trial(n,t)*grav(k)*G/a(t)

140 gradient(s) = gradient(s) + &

141 mass(i)*weight(t)*SQRT(a(t))*(T1+T2+T3)/adot(t)

142 END DO

143 END DO

144 END DO

145 END DO

146 !

147 END FUNCTION gradient

148 !

149 FUNCTION hessian(c)

150 !

151 ! Subroutine for calculating the Hessian matrix.

152 ! ----------------------------------------------

153 !
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154 USE nrtype; USE avp_data

155 USE avp_func, ONLY : pos

156 IMPLICIT NONE

157 REAL, DIMENSION(:), INTENT(IN) :: c

158 REAL, DIMENSION(size(c),size(c)) :: hessian

159 INTEGER :: alpha,beta,col,i,j,k,m,n,row,t

160 REAL :: A1,T1,T2,T3,dxabs

161 REAL, DIMENSION(4) :: dx

162 REAL, DIMENSION(3,bodies,nodes) :: xi

163 REAL, DIMENSION(3,3) :: tens

164 !

165 dx(4) = cutoff

166 !

167 ! Calculate the positions:

168 !

169 xi = pos(c,nodes)

170 !

171 ! Calculate the terms of the Jacobi matrix, integrate using the

172 ! Gauss Quadrature, W(x) = s^(1/2):

173 !

174 hessian = 0.0

175 DO t = 1,nodes

176 DO i = 1,bodies

177 DO j = 1,bodies

178 tens = 0.0

179 IF (i /= j) THEN

180 dx(1:3) = xi(:,i,t) - xi(:,j,t)

181 dxabs = SQRT(DOT_PRODUCT(dx,dx))

182 DO alpha = 1,3

183 DO beta = 1,3

184 IF (alpha == beta) THEN

185 A1 = mass(j)*(3.0_dp*dx(alpha)*dx(beta)/dxabs**5 - &

186 1.0_dp/dxabs**3)

187 tens(beta,alpha) = -A1

188 ELSE

189 A1 = mass(j)*(3.0_dp*dx(alpha)*dx(beta)/dxabs**5)

190 tens(beta,alpha) = -A1

191 END IF

192 END DO

193 END DO

194 ELSE

195 DO k = 1,bodies

196 IF (k /= i) THEN

197 dx(1:3) = xi(:,i,t) - xi(:,k,t)

198 dxabs = SQRT(DOT_PRODUCT(dx,dx))

199 DO alpha = 1,3

200 DO beta = 1,3

201 IF (alpha == beta) THEN

202 A1 = mass(k)*(3.0_dp*dx(alpha)*dx(beta)/dxabs**5-&

203 1.0_dp/dxabs**3)

204 tens(beta,alpha) = tens(beta,alpha) + A1
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205 ELSE

206 A1 = mass(k)*(3.0_dp*dx(alpha)*dx(beta)/dxabs**5)

207 tens(beta,alpha) = tens(beta,alpha) + A1

208 END IF

209 END DO

210 END DO

211 END IF

212 END DO

213 END IF

214 DO alpha = 1,3

215 DO beta = 1,3

216 DO m = 1,N_trial

217 DO n = 1,N_trial

218 col = (j-1)*3*N_trial + (beta-1)*N_trial + m

219 row = (i-1)*3*N_trial + (alpha-1)*N_trial + n

220 T1 = 0.0; T2 = 0.0

221 IF (alpha == beta .AND. i == j) THEN

222 T1 = dtrial(m,t)*dtrial(n,t)*a(t)**2

223 T2 = trial(m,t)*trial(n,t)*Omega*H_0**2/(2.*a(t))

224 END IF

225 T3 = trial(m,t)*trial(n,t)*tens(beta,alpha)*G/a(t)

226 hessian(row,col) = hessian(row,col) + &

227 mass(i)*weight(t)*SQRT(a(t))*(T1+T2+T3)/adot(t)

228 END DO

229 END DO

230 END DO

231 END DO

232 END DO

233 END DO

234 END DO

235 !

236 END FUNCTION hessian

237 !

238 SUBROUTINE initial

239 !

240 ! Subroutine for initialization.

241 ! ------------------------------

242 !

243 USE nrtype; USE avp_data

244 USE avp_intf, ONLY : gauleg,gradient,trialfunc

245 IMPLICIT NONE

246 INTEGER :: i,k

247 REAL, DIMENSION(3) :: cmx

248 REAL, DIMENSION(nodes*2) :: xi,wi

249 !

250 ! Allocating arrays:

251 !

252 ALLOCATE (a(nodes))

253 ALLOCATE (adot(nodes))

254 ALLOCATE (dtrial(N_trial,nodes))

255 ALLOCATE (grad(dim))
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256 ALLOCATE (trial(N_trial,nodes))

257 ALLOCATE (weight(nodes))

258 ALLOCATE (x_0_cm(3,bodies))

259 !

260 ! Initializing some parameters:

261 !

262 H_0 = h*0.1022_dp !given in 1/Gyr.

263 finished = .FALSE.

264 !

265 ! Form total mass and centre of mass displacements.

266 !

267 M_T = SUM(mass)

268 !

269 cmx = 0.0

270 DO i = 1,bodies

271 cmx(:) = cmx(:) + mass(i)*x_0(:,i)

272 END DO

273 !

274 ! Adjust coordinates and velocities to c.m. rest frame:

275 !

276 DO i = 1,bodies

277 x_0_cm(:,i) = x_0(:,i) - cmx(:)/M_T

278 END DO

279 !

280 ! Calculate the radius of the sphere containing all the masses, R_0,

281 ! and the cutoff:

282 !

283 R_0 = (2.0_dp*M_T*G/(omega*H_0**2))**(1.0_dp/3.0_dp)

284 cutoff = cut*R_0/100.0_dp

285 !

286 ! Print data to screen:

287 !

288 PRINT '(///,22x,"ACTION VARIATIONAL PRINCIPLE")'

289 PRINT '(22X,"****************************",/)'

290 PRINT '(/,8X,"BODIES EPS START-COEFF h OMEGA PTS N ",/)'

291 PRINT '(8x,I4,4x,ES8.1,5x,F5.2,5x,F5.2,3x,F3.1,3x,I5,3x,I2)',&

292 bodies,eps,startvalue,h,omega,pts,N_trial

293 PRINT '(//,10X,"I MASS X_CM Y_CM Z_CM",/)'

294 DO i = 1,bodies

295 PRINT '(8x,I3,F12.2,3F13.2)',i,mass(i),(x_0_cm(k,i),k=1,3)

296 END DO

297 PRINT '(//,24X,"CUTOFF R_0 TOTAL MASS",/)'

298 PRINT '(24x,F5.2,3x,F5.2,4x,F5.2)',cutoff,R_0,M_T

299 !

300 ! Calculating the Gaussian quadrature abscissas and weights, using

301 ! weightfunction W(a) = a^(-1/2):

302 !

303 CALL gauleg(-1.0,1.0,xi,wi) ! from Press et al. (1996)

304 !

305 a(:) = xi(nodes+1:2*nodes)**2

306 weight(:) = wi(nodes+1:2*nodes)*2.0_dp
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307 !

308 PRINT '(//,22X," ITERATIONS EPS",/)'

309 !

310 ! Calculate the trial functions, the derivate of the trial functions, and

311 ! dt/da (adot) for each node and n:

312 !

313 CALL trialfunc(nodes)

314 finished = .TRUE.

315 !

316 END SUBROUTINE initial

317 !

318 SUBROUTINE input

319 !

320 ! Subroutine for reading parameters and data from file

321 ! ----------------------------------------------------

322 !

323 USE nrtype; USE avp_data

324 IMPLICIT NONE

325 INTEGER :: i,s,tst

326 REAL :: mass_M31

327 ALLOCATE (opt(2))

328 !

329 ! Reading inputfile:

330 !

331 OPEN (UNIT=1,STATUS='OLD',FILE='../Com/input.dta')

332 READ(1,*) bodies

333 READ(1,*) nodes,N_trial,eps,startvalue

334 READ(1,*) h,omega,cut,mass_M31

335 READ(1,*) redshift,pts

336 READ(1,*) opt(1),opt(2)

337 CLOSE (UNIT=1)

338 !

339 ! Setting the dimension and allocating some arrays:

340 !

341 dim = bodies*3*N_trial

342 ALLOCATE (coeff(dim))

343 ALLOCATE (dec(bodies))

344 ALLOCATE (ra(bodies))

345 ALLOCATE (d(bodies))

346 ALLOCATE (mass(bodies))

347 ALLOCATE (x_0(3,bodies))

348 !

349 ! Reading mass tracer data from file:

350 !

351 OPEN (UNIT=2,STATUS='OLD',FILE='../Com/galaxies.dta')

352 DO i = 1,bodies

353 READ(2,*) mass(i),ra(i),dec(i),d(i)

354 END DO

355 CLOSE (UNIT=2)

356 !

357 ! Transformation from celestial to Cartesian coordinates:
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358 !

359 x_0(1,:) = d(:)*COSD(dec(:))*COSD(ra(:))

360 x_0(2,:) = d(:)*COSD(dec(:))*SIND(ra(:))

361 x_0(3,:) = d(:)*SIND(dec(:))

362 !

363 ! Determine mass of each mass tracer:

364 !

365 mass = mass*mass_M31

366 !

367 ! Initializing the coefficients, either an initial guess, or

368 ! reading old values from file.

369 !

370 IF (opt(1) == 0) THEN

371 coeff = startvalue

372 ELSE

373 startvalue = 1E12

374 OPEN (UNIT=3,STATUS='OLD',FILE='coeff_in.dta')

375 READ(3,*) tst

376 IF (tst /= dim) THEN

377 PRINT '(/,10X,"Halted: wrong dimension of inputfile coeff_in.dta",/)'

378 STOP

379 END IF

380 DO s = 1,dim

381 READ(3,*) coeff(s)

382 END DO

383 CLOSE (UNIT=3)

384 END IF

385 !

386 END SUBROUTINE input

387 !

388 SUBROUTINE orbits

389 !

390 ! Subroutine for calculating the orbits.

391 ! --------------------------------------

392 !

393 USE nrtype; USE avp_data

394 USE avp_intf, ONLY : trialfunc

395 USE avp_func, ONLY : pos

396 IMPLICIT NONE

397 INTEGER :: i,k,t,s1,s2

398 REAL :: B1,B2,B3,B4,C1,C2,C3,C4,ai,axdot

399 !

400 DEALLOCATE (a)

401 ALLOCATE (a(pts))

402 ALLOCATE (rdot(3,bodies,2))

403 ALLOCATE (rdot_rad(bodies))

404 ALLOCATE (x(3,bodies,pts))

405 !

406 ! Determine the expansion coeffecient at `pts' number of times from

407 ! z to today:

408 !
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409 ai = 1.0_dp/(1.0_dp + redshift)

410 DO t = 0,(pts-1)

411 a(t+1)= ai + (1.0_dp-ai)*t/(pts-1)

412 END DO

413 !

414 ! Calculate the trial functions, the derivative of the trial functions,

415 ! and da/dt (adot):

416 !

417 CALL trialfunc(pts)

418 !

419 ! Calculating the orbits and the physical velocities at a=1 and a=1+z:

420 !

421 x = pos(coeff,pts)

422 DO i = 1,bodies

423 DO k = 1,3

424 s1 = (i-1)*3*N_trial + (k-1)*N_trial + 1

425 s2 = s1 + (N_trial-1)

426 axdot = a(1)*SUM(coeff(s1:s2)*dtrial(:,1))

427 rdot(k,i,1) = axdot + x(k,i,1)*adot(1)

428 axdot = a(pts)*SUM(coeff(s1:s2)*dtrial(:,pts))

429 rdot(k,i,2) = axdot + x(k,i,pts)*adot(pts)

430 END DO

431 END DO

432

433 !

434 ! Calculating the current radial velocity, relative to the MW:

435 !

436 rdot_rad(1) = 0.0

437 DO i = 2,bodies

438 rdot_rad(i) = DOT_PRODUCT(rdot(:,i,2)-rdot(:,1,2),x_0(:,i))/d(i)

439 END DO

440 rdot_rad = rdot_rad*3.0856E19_dp/3.1536E16_dp ! Mpc -> km, Gyr -> s

441 !

442 ! Rotating the coordinate system so that the x-axis is pointing along the

443 ! line connecting MW and M31:

444 ! Rotating into the xz-plane:

445 !

446 DO i = 1,bodies

447 DO t = 1,pts

448 B1 = x(1,i,t)*COSD(ra(2)) + x(2,i,t)*SIND(ra(2))

449 B2 = x(1,i,t)*-SIND(ra(2)) + x(2,i,t)*COSD(ra(2))

450 x(1,i,t) = B1

451 x(2,i,t) = B2

452 END DO

453 B3 = rdot(1,i,1)*COSD(ra(2)) + rdot(2,i,1)*SIND(ra(2))

454 B4 = rdot(1,i,1)*-SIND(ra(2)) + rdot(2,i,1)*COSD(ra(2))

455 rdot(1,i,1) = B3

456 rdot(2,i,1) = B4

457 END DO

458 !

459 ! Rotating into the xy-plane:
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460 !

461 DO i = 1,bodies

462 DO t = 1,pts

463 C1 = x(1,i,t)*COSD(dec(2)) + x(3,i,t)*SIND(dec(2))

464 C2 = x(1,i,t)*-SIND(dec(2)) + x(3,i,t)*COSD(dec(2))

465 x(1,i,t) = C1

466 x(3,i,t) = C2

467 END DO

468 C3 = rdot(1,i,1)*COSD(dec(2)) + rdot(3,i,1)*SIND(dec(2))

469 C4 = rdot(1,i,1)*-SIND(dec(2)) + rdot(3,i,1)*COSD(dec(2))

470 rdot(1,i,1) = C3

471 rdot(3,i,1) = C4

472 END DO

473 !

474 END SUBROUTINE orbits

475 !

476 SUBROUTINE output

477 !

478 ! Subroutine for writing data to file.

479 ! ------------------------------------

480 !

481 USE nrtype; USE avp_data

482 USE avp_intf, ONLY : tred2,tqli

483 IMPLICIT NONE

484 INTEGER :: k,i,s,t

485 REAL, DIMENSION(dim) :: diag,e

486 !

487 ALLOCATE (r(3,bodies))

488 !

489 ! Write results:

490 !

491 PRINT '(22x,I7,7x,E12.4,E12.4)',it,normgrad

492 !

493 PRINT '(///,17x,"I RADIAL VELOCITY C_X, n=1",/)'

494 s = 1

495 DO i = 1,bodies

496 PRINT '(16x,I2,10x,F7.2,8x,F10.5)',i,rdot_rad(i),coeff(s)

497 s = s + 3*N_trial

498 END DO

499 !

500 ! Determine the type of solution:

501 !

502 CALL tred2(hess,diag,e,.TRUE.) ! from Press et al. (1996)

503 CALL tqli(diag,e) ! from Press et al. (1996)

504 PRINT '(//)'

505 PRINT '(25x,"COND. NUM.:",F12.2)',MAXVAL(ABS(diag))/MINVAL(ABS(diag))

506 IF (ALL(diag >= 0)) THEN

507 PRINT '(22x,"SOLUTION IS A MINIMUM POINT")'

508 ELSEIF (ALL(diag < 0)) THEN

509 PRINT '(22x,"SOLUTION IS A MAXIMUM POINT")'

510 ELSE
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511 PRINT '(22x,"SOLUTION IS A SADDLE POINT")'

512 END IF

513 !

514 PRINT '(//)'

515 PRINT '(16x,"CPU-TIME SPENT ON CALCULATION:",F10.2,//)',dt

516 !

517 ! Write coeffecients to file:

518 !

519 OPEN (UNIT=4,STATUS='REPLACE',FILE='coeff_out.dta')

520 WRITE (4,*) dim

521 DO s = 1,dim

522 WRITE(4,*) coeff(s)

523 END DO

524 CLOSE (UNIT=4)

525 !

526 ! Write orbits to file:

527 !

528 OPEN (UNIT=5,STATUS='REPLACE',FILE='../IDL/orbits.dta')

529 DO t = 1,pts

530 DO i = 1,bodies

531 WRITE (5,*) (x(k,i,t),k=1,3)

532 END DO

533 END DO

534 CLOSE (UNIT=5)

535 !

536 ! Transforming initial positions to physical coordinates:

537 !

538 DO i = 1,bodies

539 r(:,i) = x(:,i,1)*a(1)

540 END DO

541 !

542 ! Write the initial values (at z) to file:

543 !

544 OPEN (UNIT=6,STATUS='REPLACE',FILE='../../Nbody/fort.4')

545 DO i = 1,bodies

546 WRITE(6,*) mass(i),(r(k,i),k=1,3),(rdot(k,i,1),k=1,3)

547 END DO

548 CLOSE (UNIT=6)

549 !

550 ! Write the radial velocities to file:

551 !

552 OPEN (UNIT=7,STATUS='REPLACE',FILE='../IDL/vel.dta')

553 DO i = 2,bodies

554 WRITE(7,*) rdot_rad(i)

555 END DO

556 CLOSE (UNIT=7)

557 !

558 END SUBROUTINE output

559 !

560 FUNCTION secant(c,d,eps)

561 !
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562 ! Function for linear search using the secant method.

563 ! ---------------------------------------------------

564 !

565 USE nrtype; USE avp_func, ONLY : dfunc,func

566 IMPLICIT NONE

567 REAL, DIMENSION(:), INTENT(IN) :: c,d

568 REAL, INTENT(OUT) :: eps

569 REAL, DIMENSION(size(c)) :: secant,cnew

570 INTEGER ::iter

571 INTEGER, PARAMETER :: itmax=20

572 REAL :: gd,gtaud,tau,deps,w,z

573 REAL, PARAMETER :: tol=1.0E-4_dp

574 !

575 eps = 0.0; tau = 0.5

576 !

577 cnew = c

578 DO iter = 1,itmax

579 deps = 0.0

580 gd = dfunc(deps,cnew,d)

581 gtaud = dfunc(tau,cnew,d)

582 deps = -tau*gd/(gtaud-gd)

583 eps = eps + deps

584 cnew(:) = cnew(:) + deps*d(:)

585 IF (ABS(deps) < TOL) EXIT

586 tau = -deps

587 END DO

588 secant = cnew

589 !

590 END FUNCTION secant

591 !

592 SUBROUTINE trialfunc(steps)

593 !

594 ! Subroutine for calculating the trial functions etc.

595 ! ---------------------------------------------------

596 !

597 USE nrtype; USE avp_data

598 USE avp_func, ONLY : fac

599 IMPLICIT NONE

600 INTEGER, INTENT (IN) :: steps

601 INTEGER :: n,t,s

602 REAL :: F,bin,nfac,sfac,snfac

603 !

604 IF (finished) THEN

605 DEALLOCATE (adot,trial,dtrial)

606 ALLOCATE (adot(steps))

607 ALLOCATE (trial(N_trial,steps))

608 ALLOCATE (dtrial(N_trial,steps))

609 END IF

610 !

611 adot = 0.0; trial = 0.0; dtrial = 0.0

612 !



124 APPENDIX A. THE AVP SOURCECODE

613 ! Calculating da/dt (adot):

614 !

615 DO t = 1,steps

616 F = Omega + (1.0_dp-Omega)*a(t)**3

617 adot(t) = H_0*SQRT(F/a(t))

618 END DO

619 !

620 ! Trial functions of the form a^n*(1-a):

621 !

622 IF (opt(2) == 0) THEN

623 DO t = 1,steps

624 DO n = 0,(N_trial-1)

625 trial(n+1,t) = (1.0_dp - a(t))*a(t)**n

626 dtrial(n+1,t) = (n*(1.0_dp - a(t))*a(t)**(n-1) - a(t)**n)*adot(t)

627 END DO

628 END DO

629 END IF

630 !

631 ! Trial functions on the Bernoulli-form:

632 !

633 IF (opt(2) == 1) THEN

634 sfac = fac(N_trial)

635 DO n = 0,(N_trial-1)

636 nfac = fac(n)

637 snfac = fac(N_trial-n)

638 bin = sfac/(nfac*snfac)

639 DO t = 1,steps

640 trial(n+1,t) = (1.0_dp - a(t))**(N_trial-n)*a(t)**n*bin

641 IF (a(t) == 1.0) THEN

642 IF (n == N_trial-1) THEN

643 dtrial(n+1,t) = -bin*adot(t)

644 ELSE

645 dtrial(n+1,t) = 0.0

646 END IF

647 ELSE

648 dtrial(n+1,t)=((1.0_dp-a(t))**(N_trial-n)*a(t)**(n-1)*n - &

649 (1.0_dp-a(t))**(N_trial-n-1)*a(t)**n*(N_trial-n))*&

650 bin*adot(t)

651 END IF

652 END DO

653 END DO

654 END IF

655 !

656 END SUBROUTINE trialfunc

A.2 Optimizing Methods

The subroutines for each optimizing method are presented next. All the sub-

routines have been given the same name, calc, due to all of them using the



A.2. OPTIMIZING METHODS 125

same framework from Appendix A.1. The di�erent stepsize determiners, or in

the case of the Conjugate Gradients method, the two updating formulas, used

by the di�erent optimizing methods are included in the respective subroutine of

that method. The one(s) not in use are just being commented out by starting

the line with \!!$". The di�erent subroutines are ordered in the same way as the

optimizing methods were ordered in Table 5.3 and 5.5, and are as follows:

1 SUBROUTINE calc

2 !

3 ! Subroutine for calculating the coefficients C_{i,n} from a given

4 ! startvalue using the Method of Steepest Descent.

5 ! ----------------------------------------------------------------

6 !

7 USE nrtype; USE avp_data

8 USE avp_intf, ONLY : action,gradient,hessian,secant

9 IMPLICIT NONE

10 REAL :: act,actold,lmda,tmp1

11 REAL, PARAMETER :: tol=1

12 REAL, DIMENSION(dim) :: dir,tmp2

13 !

14 ! Initializing:

15 !

16 grad = gradient(coeff)

17 actold = action(coeff)

18 dir = -grad

19 lmda = 10.0_dp

20 !

21 ! Starting the iterations:

22 !

23 DO

24 it = it + 1

25 !

26 ! Calculating the steplength, coeffecients and gradient:

27 !

28 tmp2 = coeff + lmda*dir

29 act = action(tmp2)

30 DO WHILE (actold <= act)

31 IF (lmda < tol) THEN

32 lmda = 10.0

33 tmp2 = coeff + lmda*dir

34 act = action(tmp2)

35 EXIT

36 END IF

37 lmda = lmda*0.8_dp

38 tmp2 = coeff + lmda*dir

39 act = action(tmp2)

40 END DO

41 actold = act

42 coeff = tmp2

43 !!$ coeff = secant(coeff,dir,lmda)

44 grad = gradient(coeff)
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45 normgrad = SQRT(DOT_PRODUCT(grad,grad))

46 !

47 ! Output:

48 !

49 tmp1 = MODULO(it,1000)

50 IF (tmp1 == 0) THEN

51 PRINT '(22x,I7,7x,E12.4)',it,normgrad

52 END IF

53 !

54 ! Termination test:

55 !

56 IF (normgrad < eps) EXIT

57 !

58 ! Calculating new direction:

59 !

60 dir = -grad

61 !

62 END DO

63 !

64 DEALLOCATE(grad)

65 ALLOCATE (hess(dim,dim))

66 hess = hessian(coeff)

67 !

68 END SUBROUTINE calc

69 !

70 SUBROUTINE calc

71 !

72 ! Subroutine for calculating the coefficients C_{i,n} from a given

73 ! startvalue using the Conjugate Gradient method.

74 ! -----------------------------------------------------------------

75 !

76 USE nrtype; USE avp_data

77 USE avp_intf, ONLY : gradient,hessian,secant

78 IMPLICIT NONE

79 REAL :: dgg,lmda,normgradold,gam,gg,tmp,tol=0.01

80 REAL, DIMENSION(dim) :: gi,di,dir

81 !

82 ! Initializing:

83 !

84 grad = gradient(coeff)

85 gi = -grad

86 di = gi

87 dir = di

88 normgrad = SQRT(DOT_PRODUCT(grad,grad))

89 !

90 ! Start the iterations:

91 !

92 DO

93 it = it + 1

94 !

95 ! Calculating the steplength, coeffecients and gradient:
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96 !

97 coeff = secant(coeff,dir,lmda)

98 grad = gradient(coeff)

99 normgradold = normgrad

100 normgrad = SQRT(DOT_PRODUCT(grad,grad))

101 !

102 ! Output:

103 !

104 tmp = MODULO(it,100)

105 IF (tmp == 0) THEN

106 PRINT '(22x,I7,7x,E12.4)',it,normgrad

107 END IF

108 !

109 ! Termination test:

110 !

111 IF (normgrad < eps) EXIT

112 !

113 ! Calculate the new direction:

114 !

115 IF (ABS(DOT_PRODUCT(grad,gi)) > tol*normgradold**2) THEN

116 gi = -grad

117 di = gi

118 dir = di

119 ELSE

120 gg = DOT_PRODUCT(gi,gi)

121 !!$ dgg = DOT_PRODUCT(grad,grad) ! Fletcher-Reeves

122 dgg = DOT_PRODUCT(grad+gi,grad) ! Polak-Ribiere

123 IF (gg == 0.0) EXIT

124 gam = dgg/gg

125 gi = -grad

126 di = gi + gam*di

127 dir = di

128 END IF

129 !

130 END DO

131 !

132 DEALLOCATE(grad)

133 ALLOCATE (hess(dim,dim))

134 hess = hessian(coeff)

135 !

136 END SUBROUTINE calc

137 !

138 SUBROUTINE calc

139 !

140 ! Subroutine for calculating the coefficients C_{i,n} from a given

141 ! startvalue using the Newton-Raphson Method.

142 ! ----------------------------------------------------------------

143 !

144 USE nrtype; USE avp_data

145 USE avp_intf, ONLY : action,gradient,hessian,lnsrch,lubksb,ludcmp,&

146 secant,choldc,cholsl
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147 IMPLICIT NONE

148 INTEGER, DIMENSION(dim) :: indx

149 REAL :: act,actold,lmda,normdir,oe,stpmax,tmp

150 REAL, DIMENSION(dim) :: dir,coeffold,diag

151 REAL, DIMENSION(dim,dim) :: mat

152 LOGICAL :: check

153 ALLOCATE (hess(dim,dim))

154 !

155 ! Initializing:

156 !

157 stpmax = MAX(SQRT(DOT_PRODUCT(coeff,coeff)),REAL(dim))

158 act = action(coeff)

159 !

160 ! Starting the iterations:

161 !

162 DO

163 it = it + 1

164 !

165 ! Calculating the gradient:

166 !

167 grad = gradient(coeff)

168 normgrad = SQRT(DOT_PRODUCT(grad,grad))

169 !

170 ! Output:

171 !

172 tmp = MODULO(it,10)

173 IF (tmp == 0) THEN

174 PRINT '(22x,I7,7x,E12.4)',it,normgrad

175 END IF

176 !

177 ! Termination test:

178 !

179 IF (normgrad < eps) EXIT

180 !

181 ! Calculating new direction, steplength, and coeffecients:

182 !

183 dir = -grad

184 hess = hessian(coeff)

185 mat = hess

186 CALL choldc(mat,diag) ! from Press et al. (1996)

187 IF (ALL(diag==0)) THEN ! i.e. non-positive definite

188 CALL ludcmp(hess,indx,oe) ! from Press et al. (1996)

189 CALL lubksb(hess,indx,dir) ! from Press et al. (1996)

190 ELSE

191 CALL cholsl(mat,diag,dir,dir) ! from Press et al. (1996)

192 END IF

193 actold = act

194 coeffold = coeff

195 CALL lnsrch(coeffold,actold,grad,dir,coeff,act,stpmax,check,action)

196 ! ! from Press et al. (1996)

197 !!$ normdir = SQRT(DOT_PRODUCT(dir,dir))
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198 !!$ IF (normdir > 10.0) THEN

199 !!$ lmda = 0.3_dp

200 !!$ ELSE

201 !!$ lmda = 1.0_dp

202 !!$ END IF

203 !!$ coeff = coeff + lmda*dir

204 !!$ coeff = secant(coeffold,dir,lmda)

205 !

206 END DO

207 !

208 hess = hessian(coeff)

209 DEALLOCATE(grad)

210 !

211 END SUBROUTINE calc

212 !

213 SUBROUTINE calc

214 !

215 ! Subroutine for calculating the coefficients C_{i,n} from a given

216 ! startvalue using the Secant method (DFP & BFGS updating formula).

217 ! -----------------------------------------------------------------

218 !

219 USE nrtype; USE avp_data

220 USE avp_intf, ONLY : action,hessian,gradient,lnsrch,secant

221 USE nrutil, ONLY : outerprod,unit_matrix

222 IMPLICIT NONE

223 INTEGER, DIMENSION(dim) :: indx

224 REAL :: act,actold,lmda,sumy,sumd,stpmax,tmp1,yd,yhy

225 REAL, PARAMETER :: tol=EPSILON(coeff)

226 REAL, DIMENSION(dim) :: dir,hy,coeffold,y,dhy

227 LOGICAL :: check

228 ALLOCATE (hessin(dim,dim))

229 !

230 ! Initializing some variables:

231 !

232 stpmax = MAX(SQRT(DOT_PRODUCT(coeff,coeff)),REAL(dim))

233 act = action(coeff)

234 grad = gradient(coeff)

235 CALL unit_matrix(hessin) ! from Press et al. (1996)

236 hessin = ABS(act)*hessin

237 dir = -grad

238 !

239 ! Starting the iterations:

240 !

241 DO

242 it = it + 1

243 !

244 ! Calculating the steplength, coeffecients and gradient:

245 !

246 actold = act

247 coeffold = coeff

248 !!$ CALL lnsrch(coeffold,actold,grad,dir,coeff,act,stpmax,check,action)
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249 ! ! from Press et al. (1996)

250 coeff = secant(coeffold,dir,lmda)

251 dir = coeff - coeffold

252 y = grad

253 grad = gradient(coeff)

254 normgrad = SQRT(DOT_PRODUCT(grad,grad))

255 !

256 ! Output:

257 !

258 tmp1 = MODULO(it,100)

259 IF (tmp1 == 0) THEN

260 PRINT '(22x,I7,7x,E12.4)',it,normgrad

261 END IF

262 !

263 ! Termination test:

264 !

265 IF (normgrad < eps) EXIT

266 !

267 ! Calculating the new direction:

268 !

269 y = grad - y

270 yd = DOT_PRODUCT(y,dir)

271 sumy = DOT_PRODUCT(y,y)

272 sumd = DOT_PRODUCT(dir,dir)

273 !

274 ! Skip update of inverse Hesssian if not sufficiently positive:

275 !

276 IF (yd**2 > tol*sumy*sumd) THEN

277 hy = MATMUL(hessin,y)

278 yhy = DOT_PRODUCT(y,hy)

279 y = dir/yd - hy/yhy

280 hessin = hessin + outerprod(dir,dir)/yd - &

281 outerprod(hy,hy)/yhy + yhy*outerprod(y,y)

282 END IF

283 dir = -MATMUL(hessin,grad)

284 !

285 END DO

286 !

287 DEALLOCATE(grad,hessin)

288 ALLOCATE (hess(dim,dim))

289 hess = hessian(coeff)

290 !

291 END SUBROUTINE calc

292 !

293 SUBROUTINE calc

294 !

295 ! Subroutine for calculating the coefficients C_{i,n} from a given

296 ! startvalue using the Hybrid method (Steepest Decent & Newton-Raphson).

297 ! ----------------------------------------------------------------------

298 !

299 USE nrtype; USE avp_data
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300 USE avp_intf, ONLY : action,hessian,gradient,&

301 lnsrch,ludcmp,lubksb,secant,choldc,cholsl

302 IMPLICIT NONE

303 INTEGER :: i

304 INTEGER, DIMENSION(dim) :: indx

305 REAL :: A1,oe,lmda,act,actold,stpmax,normgradold=100

306 REAL, PARAMETER :: tol=0.005

307 REAL, DIMENSION(dim) :: dir,diag,c

308 REAL, DIMENSION(dim,dim) :: mat

309 LOGICAL :: check

310 ALLOCATE (hess(dim,dim))

311 !

312 ! Initializing some variables:

313 !

314 stpmax = MAX(SQRT(DOT_PRODUCT(coeff,coeff)),REAL(dim))

315 act = action(coeff)

316 !

317 ! Starting the iterations:

318 !

319 DO

320 !

321 ! Calculating the gradient:

322 !

323 grad = gradient(coeff)

324 normgrad = SQRT(DOT_PRODUCT(grad,grad))

325 !

326 ! Output:

327 !

328 A1 = MODULO(it,10)

329 IF (A1 == 0) THEN

330 PRINT '(22x,I7,7x,E12.4)',it,normgrad

331 END IF

332 !

333 ! Termination test:

334 !

335 IF (normgrad < eps) EXIT

336 it = it + 1

337 !

338 ! Calculating new direction, steplength, and coeffecients:

339 !

340 IF (ABS(normgradold-normgrad) > tol*(1.0_dp+normgrad)) THEN

341 dir = -grad

342 ELSE

343 dir = -grad

344 hess = hessian(coeff)

345 mat = hess

346 CALL choldc(mat,diag) ! from Press et al. (1996)

347 IF (ALL(diag==0)) THEN ! i.e. non-positive definite

348 CALL ludcmp(hess,indx,oe) ! from Press et al. (1996)

349 CALL lubksb(hess,indx,dir) ! from Press et al. (1996)

350 ELSE
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351 CALL cholsl(mat,diag,dir,dir) ! from Press et al. (1996)

352 END IF

353 END IF

354 coeff = secant(coeff,dir,lmda)

355 normgradold = normgrad

356 !

357 END DO

358 !

359 hess = hessian(coeff)

360 DEALLOCATE(grad)

361 !

362 END SUBROUTINE calc

A.3 Modules

The modules are used so that some of the entities declared within it can be

made accessible to more than one program unit. Here three modules were used:

one containing decleration of global data, one containing the interface blocks, and

one containing functions which are being accessed several times and from di�erent

program units (these functions are often referred to as module procedures). These

modules are listed in this order in the following:

1 MODULE avp_data

2 !

3 ! Module for declaration of global parameters and variables

4 ! ---------------------------------------------------------

5 !

6 USE nrtype

7 !

8 IMPLICIT NONE

9 !

10 ! Parameters:

11 !

12 REAL, PARAMETER :: G=4.49293E-3_dp

13 ! Mpc, Gyr & 1.E12 solar masses.

14 !

15 ! Variables:

16 !

17 REAL :: H_0

18 REAL :: M_T

19 INTEGER :: N_trial

20 REAL :: R_0

21 REAL, DIMENSION(:), ALLOCATABLE :: a

22 REAL, DIMENSION(:), ALLOCATABLE :: adot

23 INTEGER :: bodies

24 REAL :: cut

25 REAL :: cutoff

26 REAL, DIMENSION(:), ALLOCATABLE :: coeff

27 REAL, DIMENSION(:), ALLOCATABLE :: d
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28 REAL, DIMENSION(:), ALLOCATABLE :: dec

29 INTEGER :: dim

30 REAL :: dt

31 REAL, DIMENSION(:,:), ALLOCATABLE :: dtrial

32 REAL :: eps

33 LOGICAL :: finished

34 REAL, DIMENSION(:), ALLOCATABLE :: grad

35 REAL :: h

36 REAL, DIMENSION(:,:), ALLOCATABLE :: hess

37 REAL, DIMENSION(:,:), ALLOCATABLE :: hessin

38 INTEGER :: it

39 REAL, DIMENSION(:), ALLOCATABLE :: mass

40 INTEGER :: nodes

41 REAL :: normgrad

42 REAL :: omega

43 INTEGER, DIMENSION(:), ALLOCATABLE :: opt

44 INTEGER :: pts

45 REAL, DIMENSION(:,:), ALLOCATABLE :: r

46 REAL, DIMENSION(:), ALLOCATABLE :: ra

47 REAL, DIMENSION(:,:,:), ALLOCATABLE :: rdot

48 REAL, DIMENSION(:), ALLOCATABLE :: rdot_rad

49 REAL :: redshift

50 REAL :: rho_0

51 REAL*4 :: startvalue

52 REAL, DIMENSION(:,:), ALLOCATABLE :: trial

53 REAL, DIMENSION(:), ALLOCATABLE :: weight

54 REAL, DIMENSION(:,:), ALLOCATABLE :: x_0

55 REAL, DIMENSION(:,:), ALLOCATABLE :: x_0_cm

56 REAL, DIMENSION(:,:,:), ALLOCATABLE :: x

57 !

58 END MODULE avp_data

59 !

60 MODULE avp_intf

61 !

62 ! Module for the declaration of the interface.

63 ! --------------------------------------------

64 !

65 INTERFACE

66 FUNCTION action(c)

67 REAL, DIMENSION(:), INTENT(IN) :: c

68 REAL :: action

69 END FUNCTION action

70 END INTERFACE

71 !

72 INTERFACE

73 SUBROUTINE calc

74 END SUBROUTINE calc

75 END INTERFACE

76 !

77 INTERFACE

78 SUBROUTINE choldc(a,p)
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79 REAL, DIMENSION(:,:), INTENT(INOUT) :: a

80 REAL, DIMENSION(:), INTENT(OUT) :: p

81 END SUBROUTINE choldc

82 END INTERFACE

83 !

84 INTERFACE

85 SUBROUTINE cholsl(a,p,b,x)

86 REAL, DIMENSION(:,:), INTENT(IN) :: a

87 REAL, DIMENSION(:), INTENT(IN) :: p,b

88 REAL, DIMENSION(:), INTENT(INOUT) :: x

89 END SUBROUTINE cholsl

90 END INTERFACE

91 !

92 INTERFACE

93 SUBROUTINE gauleg(x1,x2,x,w)

94 REAL, INTENT(IN) :: x1,x2

95 REAL, DIMENSION(:), INTENT(OUT) :: x,w

96 END SUBROUTINE gauleg

97 END INTERFACE

98 !

99 INTERFACE

100 FUNCTION gradient(c)

101 REAL, DIMENSION(:), INTENT(IN) :: c

102 REAL, DIMENSION(size(c)) :: gradient

103 END FUNCTION gradient

104 END INTERFACE

105 !

106 INTERFACE

107 FUNCTION hessian(c)

108 REAL, DIMENSION(:), INTENT(IN) :: c

109 REAL, DIMENSION(size(c),size(c)) :: hessian

110 END FUNCTION hessian

111 END INTERFACE

112 !

113 INTERFACE

114 SUBROUTINE input

115 END SUBROUTINE input

116 END INTERFACE

117 !

118 INTERFACE

119 SUBROUTINE initial

120 END SUBROUTINE initial

121 END INTERFACE

122 !

123 INTERFACE

124 SUBROUTINE lnsrch(xold,fold,g,p,x,f,stpmax,check,func)

125 REAL, DIMENSION(:), INTENT(IN) :: xold,g

126 REAL, DIMENSION(:), INTENT(INOUT) :: p

127 REAL, INTENT(IN) :: fold,stpmax

128 REAL, DIMENSION(:), INTENT(OUT) :: x

129 REAL, INTENT(OUT) :: f
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130 LOGICAL, INTENT(OUT) :: check

131 INTERFACE

132 FUNCTION func(x)

133 USE nrtype

134 IMPLICIT NONE

135 REAL(SP) :: func

136 REAL(SP), DIMENSION(:), INTENT(IN) :: x

137 END FUNCTION func

138 END INTERFACE

139 END SUBROUTINE lnsrch

140 END INTERFACE

141 !

142 INTERFACE

143 SUBROUTINE lubksb(a,indx,b)

144 USE nrtype

145 IMPLICIT NONE

146 REAL(SP), DIMENSION(:,:), INTENT(IN) :: a

147 INTEGER(I4B), DIMENSION(:), INTENT(IN) :: indx

148 REAL(SP), DIMENSION(:), INTENT(INOUT) :: b

149 END SUBROUTINE lubksb

150 END INTERFACE

151 !

152 INTERFACE

153 SUBROUTINE ludcmp(a,indx,d)

154 USE nrtype

155 IMPLICIT NONE

156 REAL, DIMENSION(:,:), INTENT(INOUT) :: a

157 INTEGER, DIMENSION(:), INTENT(OUT) :: indx

158 REAL, INTENT(OUT) :: d

159 END SUBROUTINE ludcmp

160 END INTERFACE

161 !

162 INTERFACE

163 SUBROUTINE orbits

164 END SUBROUTINE orbits

165 END INTERFACE

166 !

167 INTERFACE

168 SUBROUTINE output

169 END SUBROUTINE output

170 END INTERFACE

171 !

172 INTERFACE

173 FUNCTION pythag(a,b)

174 REAL, INTENT(IN) :: a,b

175 REAL :: pythag

176 END FUNCTION pythag

177 END INTERFACE

178 !

179 INTERFACE

180 FUNCTION secant(c,d,eps)
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181 REAL, DIMENSION(:) :: c,d

182 REAL, INTENT(OUT) :: eps

183 REAL, DIMENSION(size(c)) :: secant

184 END FUNCTION secant

185 END INTERFACE

186 !

187 INTERFACE

188 SUBROUTINE tqli(d,e,z)

189 REAL, DIMENSION(:), INTENT(INOUT) :: d,e

190 REAL, DIMENSION(:,:), OPTIONAL, INTENT(INOUT) :: z

191 END SUBROUTINE tqli

192 END INTERFACE

193 !

194 INTERFACE

195 SUBROUTINE tred2(a,d,e,novectors)

196 REAL, DIMENSION(:,:), INTENT(INOUT) :: a

197 REAL, DIMENSION(:), INTENT(OUT) :: d,e

198 LOGICAL, OPTIONAL, INTENT(IN) :: novectors

199 END SUBROUTINE tred2

200 END INTERFACE

201 !

202 INTERFACE

203 SUBROUTINE trialfunc(steps)

204 INTEGER, INTENT (IN) :: steps

205 END SUBROUTINE trialfunc

206 END INTERFACE

207 !

208 INTERFACE

209 SUBROUTINE rotate(r,i,a,b)

210 REAL, DIMENSION(:,:), TARGET, INTENT(INOUT) :: r

211 INTEGER, INTENT(IN) :: i

212 REAL, INTENT(IN) :: a,b

213 END SUBROUTINE rotate

214 END INTERFACE

215 !

216 INTERFACE

217 SUBROUTINE qrupdt(r,u,v)

218 REAL, DIMENSION(:,:), INTENT(INOUT) :: r

219 REAL, DIMENSION(:), INTENT(INOUT) :: u

220 REAL, DIMENSION(:), INTENT(IN) :: v

221 END SUBROUTINE qrupdt

222 END INTERFACE

223 !

224 END MODULE avp_intf

225 !

226 MODULE avp_func

227 !

228 ! Module containing global functions.

229 ! -----------------------------------

230 !

231 USE nrtype
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232 !

233 CONTAINS

234 !

235 FUNCTION dfunc(lmda,c_old,d)

236 USE avp_intf, ONLY : gradient

237 IMPLICIT NONE

238 REAL :: dfunc

239 REAL, INTENT(In) :: lmda

240 REAL, DIMENSION(:), INTENT(In) :: c_old,d

241 REAL, DIMENSION(SIZE(C_old)) :: df,c_new

242 c_new(:) = c_old(:) + lmda*d(:)

243 df = gradient(c_new)

244 dfunc = DOT_PRODUCT(df,d)

245 END FUNCTION dfunc

246 !

247 FUNCTION fac(base)

248 IMPLICIT NONE

249 REAL :: fac

250 INTEGER, INTENT(IN) :: base

251 INTEGER :: s

252 fac = 1.0

253 DO s = 1,base

254 fac = fac*s

255 END DO

256 END FUNCTION fac

257 !

258 FUNCTION func(lmda,c_old,d)

259 USE avp_intf, ONLY : action

260 IMPLICIT NONE

261 REAL :: func

262 REAL, INTENT(IN) :: lmda

263 REAL, DIMENSION(:), INTENT(IN) :: c_old,d

264 REAL, DIMENSION(SIZE(c_old)) :: c_new

265 c_new(:) = c_old(:) + lmda*d(:)

266 func = action(c_new)

267 END FUNCTION func

268 !

269 FUNCTION pos(c,steps)

270 USE avp_data

271 IMPLICIT NONE

272 REAL, DIMENSION(:), INTENT(IN) :: c

273 INTEGER, INTENT(IN) :: steps

274 REAL, DIMENSION(3,bodies,steps) :: pos

275 INTEGER :: i,k,t,s1,s2

276 pos = 0.0

277 DO t = 1,steps

278 DO i = 1,bodies

279 DO k = 1,3

280 s1 = (i-1)*3*N_trial + (k-1)*N_trial + 1

281 s2 = s1 + N_trial-1

282 pos(k,i,t) = x_0_cm(k,i) + SUM(c(s1:s2)*trial(:,t))
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283 END DO

284 END DO

285 END DO

286 END FUNCTION pos

287 !

288 END MODULE avp_func

A.4 Input Files

The AVP-code reads input data from two seperate �les, one containing the set-

tings and the other the mass tracer data. The former look like this:

1 22

2 15 10 1.E-10 3.0

3 0.75 0.1 3 2.8

4 99 500

5 0 1

(The numbers at the start of the lines are not included in the input �le.) Each

record contains the following information:

1. Number of particles

2. Number of time steps in the integration; number of trial functions; termi-

nation value �; startvalue of the coe�ecients.

3. The Hubble parameter h; the cosmological constant in units of 3H2
0 ; the

cuto� in percent of the R0; the mass o� M31 in 1012 M�.

4. Redshift z; number of time steps in the plotting of the orbits.

5. Restart if 1, new run if 0; using the (1 � a)n trial functions if 0, Bernoulli

if 1.

The input �le containing the mass tracer data is as follows (for the 22 galaxy case):

0.75 0.0 0.0 0.0 1 MW

1.0 10.0 41.0 0.75 2 M31

0.02 295.5 -14.9 0.52 3 NGC 6822

0.01 15.6 1.8 0.77 4 IC 1613

0.005 359.8 -15.8 0.95 5 WLM

0.02 150.2 -25.9 1.26 6 NGC 3109

0.005 150.3 -27.1 1.32 7 Antlia

0.01 150.6 0.6 1.43 8 Sex AB

0.5 55.5 67.9 1.8 9 IC 342

0.2 13.1 -38.0 2.1 10 NGC 300
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0.7 3.1 -39.5 2.1 11 NGC 55

0.1 11.2 -21.0 2.5 12 NGC 247

0.5 11.3 -25.6 2.6 13 NGC 253

0.5 43.3 58.7 3.0 14 DW1

0.2 358.8 -32.9 3.4 15 NGC 7793

0.5 38.2 59.4 3.5 16 Maffei 1

1.0 148.0 69.0 3.5 17 M81

1.5 201.0 -43.0 3.5 18 Cen

0.1 2.9 -23.5 4.4 19 NGC 45

0.5 203.0 -29.6 4.5 20 NGC 5236

0.5 190.0 40.0 4.5 21 CVn I

0.9 210.4 54.6 7.2 22 M101

The �rst column is the scaled mass, the second and third are the celestial coor-

dinates, and the third is the distance in Mpc. The last two columns are not read

by the program|they are only used to ease the readability of the input �le.





Appendix B

Addition to the NBODY1 Code

The NBODY1 code by Sverre Aarseth was, as mentioned in Subsection 5.2.2, made

to do the calculations in physical coordinates, while the AVP code does it in co-

moving coordinates. To be able to compare the orbits produced by these two

codes, the physical coordinates of the NBODY1 code need to be transformed into

comoving coordinates. The following subroutine do just that by reading the out-

put data from NBODY1 and calculating the comoving coordinates by using the

Runge-Kutta method to determine the scale factor at a given time using equa-

tion (3.33). The code is written in the Fortran 77 programming language, so that

it can be included in the NBODY1 code.

1 SUBROUTINE COMOV

2 *

3 * Output in comoving coordinates.

4 * -------------------------------

5 * (code by T. Hjorteland)

6 *

7 INCLUDE 'common1.h'

8 INTEGER s

9 REAL*8 A1,dt,ae

10 REAL*8 A(8),r(1000,3,NMAX),t(1000),a_e(1000)

11 EXTERNAL FUNC

12 *

13 * Reading data from unformatted file.

14 OPEN (UNIT=3,STATUS='OLD',FORM='UNFORMATTED',FILE='OUT3')

15 2 READ (3,END=100) N, MODEL, NRUN, NK

16 READ (3) (A(K),K=1,NK), (BODY(J),J=1,N),

17 & ((X(K,J),K=1,3),J=1,N), ((XDOT(K,J),K=1,3),J=1,N),

18 & (NAME(J),J=1,N)

19 *

20 * Putting data into array.

21 t(MODEL) = A(1)

22 DO 10 j = 1,N

23 DO 9 k = 1,3
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24 r(MODEL,k,j) = x(k,j)

25 9 CONTINUE

26 10 CONTINUE

27 GO TO 2

28 100 CLOSE (UNIT=3)

29 *

30 * Determine the expansion factor a at each time t, using Runge-Kutta.

31 a_e(MODEL) = 1.0D0

32 a_e(1) = 0.01

33 DO 150 s = MODEL-1,2,-1

34 dt = t(s+1) - t(s)

35 F1 = dt*FUNC(a_e(s+1))

36 F2 = dt*FUNC(a_e(s+1)-F1/2.D0)

37 F3 = dt*FUNC(a_e(s+1)-F2/2.D0)

38 F4 = dt*FUNC(a_e(s+1)-F3)

39 a_e(s) = a_e(s+1) - (F1 + 2.D0*F2 + 2.D0*F3 + F4)/6.D0

40 150 CONTINUE

41 *

42 * Calculating the comoving positions.

43 DO 200 s = 1,MODEL

44 DO 190 j = 1,N

45 DO 180 k = 1,3

46 r(s,k,j) = r(s,k,j)/a_e(s)

47 180 CONTINUE

48 190 CONTINUE

49 200 CONTINUE

50 *

51 * Writing positions to file.

52 OPEN (UNIT=7,STATUS='NEW',FILE='nbody.dta')

53 DO 300 s = 1,MODEL

54 DO j = 1,N

55 WRITE (7,*) r(s,1,j), r(s,2,j), r(s,3,j)

56 END DO

57 300 CONTINUE

58 CLOSE (UNIT=7)

59 *

60 WRITE (6,400) N, MODEL, N*MODEL

61 400 FORMAT (/,4X,'Number of particles: ',I4,

62 & ' Calculations/particle: ',I4,//,4X,

63 & 'Total number of calculations: ',I5)

64 *

65 END

66

67 DOUBLE PRECISION FUNCTION FUNC(da)

68 *

69 * Function for determine the value of adot.

70 INCLUDE 'common1.h'

71 REAL*8 da

72 func = H_0*SQRT((Omega+(1.D0 - Omega)*da**3)/da)

73 RETURN

74 END






